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Taxonomy of Generative Models

_ What we’ve learned:
What we’ve learned: Deep Generative Models e PPCA
e Markov Models ‘ /  VAE

Autoregressive Flow-based Latent variable\ Energy-based
models models
)

(e.g., PixelCNN)_/ (e.g., ReaNVP models models

Implicit models Prescribed models

What we study now: (e.g., GANs) (e.g., VAEs)
* Hidden Markov Models




Hidden Markov

Models (Pictorial Definition)

e /:latent variable
Y: Observation

Latent Variable Models

Y;: Observation (state)

Markov Models

Read it: Y depends on Z

Hidden Markov Models

Z¢: Hidden state (latent variable)
Y;: Observation




Example: Speech Recognition

Hidden Markov Models

_> """ Goal: Given observations

(audio), discover the
@ ...... hidden states (words)
* Z;:Words (hidden states)

* Y;: Speech (observable audio data)




State Space and Observation Space

Hidden Markov Models

* In Markov models, we had state space (2 with K different states
* So we labeled themas 2 = {1, ..., K} without loss of generality

* In HMMs, we need to distinguish state space () and observation space X

* So we define:

State Space 2 = {w9, ..., Wk }:
Each Z; takes values in (2

e Butin words we might say:
» “statei” for w; (simpler than saying “state omega (")

Observation Space £ = {0y, ..., oy }:
Each Y; takes values in X

* “observation j” for g; (simpler than saying “observation sigma j”)




ormal Definition of Hidden Markov Models

State Space 2 = {w1, ..., Wk }:
Each Z; takes values in 2

* |Initial Probability:

Hidden Markov Models

Observation Space X = {0y, ..., oy }:
@ @ ''''' Each Y; takes values in X

* Transition Probability: a;; = P(Zt = Wj ‘ Li—1 = ‘Ui)’i'j =1..K.

* Emission Probability: Cjr = IP’(Yt = 0, ‘ L = a)j),j =1,..,.K,r=1,..,V.

Matrix Notation: Transition Matrix A € REK*K Emission Matrix C € RXXV |nitial distribution T € RX

A hidden Markov model is fully specified by its parameters 8: = (1, A, C)




Notations

e Studying HMMs need a lot of notations. We review some of them here and spell
out the convention that we follow

e y:=[y,,..,yr]" and similarly for z: = [z,, ..., z7] T

* n-th observation y(™: = [ & e YT )]

¢ P(ZO = Zp, Z1 — Zl): prObab|I|ty that ZO = Zp and Zl = Z1
« We might write p(z,, z,) or P(zy, Z; = z,) for P(Z, = 2y, Z; = z1) when there is no confusion

» Py(Zy = 2y, Z1 = z1) or pg(2y, Z1) means the underlying probability distribution is parameterized by 6



Assumptions

Hidden Markov Models

* “Markov” Property:

po(Z¢ | 2o, s Ze—1, Vo ooos V1) = Po(Z¢]Z¢-1)

e OQutput Independence Assumption:
Po(Velzo, ) 21, Yo, s Vo1, Verrs - Y1) = Po (Vel2¢)

* Consequences:

Po (yOl ---;yle(); "-;ZT) — ’11,'1=O Do (ytlzt)< """"

Emission Probability

Transition Probability




Inference, Decoding, and Learning

Inference. Given 8, compute the likelihood pg(y) of observing y

Decoding. Given observation y and parameters 8, find best states:

zZ" € argmax pg(y,2)
VA

* Learning. Given N observations {y(")}:ﬂ, find best 8:

méax Hg=1 po (y (n))

* Example (Speech Recognition):
* During training, we learn an HMM (i.e., parameter 8) from audio data y(l), ...,y(N)
* At test time, we get an audio y. We need to use 0 and decode y into words z* (states)



Decoding and Inference via “Brute-Force”

Exponential Time Complexity: O(KT*1)

* Inference. Given 8,7y, compute pg (y):

pe() = ) Pe(.2) = ) po(y|Z)pe(2)

= Z ll[ po(Velzt) po (o) ﬁ Po(Zt|ze-1)
z t=0 t=1

* Decoding. Given 8, y, compute:

Z" € argmax pg(y, 2)
VA
1. For all possible states z, compute the likelihood pg (y, 2)

2. Output the states that gives the maximum likelihood



Faster Algorithms for Inference? ey ke v

* Inference. Given 6, y, compute pg (y)

* If T = 0, then pg(y) = Xz, Po (Yo, 20) = 2z, Po(VolZo) - Pa(20)
* We can compute pg(y) in O(K) time

* If T =1, then pg(y) = X2, Po Vo, V1, 21)
* Update pg (Yo, ¥1,21) from pg (¥4, 2o):
Po (Y0, V1,21) = Xzy Po(YVo, Y1, 21120) - Do(2p)
= Zzo Pe(¥1lz1) - e (Volzo) - Do (20) - Po(21]20)
= po(V1121) - 22, o V0, Z0) - Po(21120)

 We can compute pg(y) in O(K?) time (need to sum over all possible z; and z,)

Intuition. More generally, can we update pg (vy, ..., V¢, Z) from g (Vo, o) Vi1, Z¢—1)?
If so, then we might be able to derive a faster algorithm for inference.




Formalize the Intuition e 7. takes v e

* Inference. Given 6, y, compute pg (y)

Intuition. More generally, can we update pg(vo, ..., Vs, Z¢) from pg(vo, ..o, Vi1, Z¢—1)?
If so, then we might be able to derive a faster algorithm for inference.

* Forward Probability:
aj(t) = Poe (Yo, ... Yt, Zt = wj)
* By definition, we have

pH(YOJ "'JYT) — 25'{:1 IPG(yOJ v Y Ly = a)j) — 5'{:1 aj(T)

* It remains to derive an update formula for o;(t) fort =0, ..., T



Formalize the Intuition e 7 eakes v )

ci(ye) = Py(ye|Ze = wj)

* Inference. Given 6, y, compute pg (y)

* Forward Probability:
aj(t) = Pg(yo, ""ytJZt — wj)
e Recurrence Relation:
aj(t) = Pe(% ‘ Vor s YVe-1, Lt = (Uj) ' PH(YO» v Ye—1, Lt = (Uj)

= PH(:Vt‘Zt - f) Z PQ(yO' v V-1, Ly = W), Ly g = wi)
i=1,.. K

= ¢ (V) Z Po(Yo, v Ve-1,Zt-1 = @;) - PH(Zt = Wil Yo, s Ve-1, 21 = wi)
i=1,...K

— Cj()’t) Z£{=1 a;(t—1) - a;



Faster Algorithm for Inference e 7. takes v e

Cj()’t) = Pe()’tlzt = wj)

Time Complexity: O(TK?)

* Inference. Given 6, y, compute pg(y)
e Forward Probability: a]-(t) = Pog (Yo, w0 Ve, Lt = wj)

* Recurrence Relation: a;(t) = ¢;(y;) Yicai(t—1) Aij

e Algorithm:
* Initialization: a;(0) = m; - ¢;(¥o) vVi=1,..,K
* Recursion: a;(t) = ¢;(y,) Dicq a;(t — 1) - ay; vi=1,..,K,vt=1,..,T

 Termination: Output Z;{=1 a;(T)



What About Decoding?

* Decoding. Given 8, y, compute:
z" € argmax pg(y, z)

VA

 We know how to decode in O(KT*1) time

e Can we do itin O(TK?) time (similarly to inference)?
 During inference, we need to calculate )., py (v, 2)

* Two differences from inference:
* Need to calculate the maximum of pg (7, 2) over z rather than sum

* Need to find states z* attaining the maximum



Inference Versus Decoding e 7 eakes v )

Inference. Given 6, y, compute:

po(¥) = 2P0y, 2)

Recurrence Term:

aj(t) =Py (Yo, -» Yt Z¢ = wf)

Decomposition:

Pe Vo, s ¥1) = Yoy aj(T)

Recurrence Relation:

@ (1) = ¢ (ye) - Ty au(t = 1) - ay

6 () = Py (el Zc = w))

* Decoding. Given 8, y, compute:
z* € argmax pg(y, z)
Z

e Recurrence Term:

vi(t) = max_ Poyo, ) Ve, Zo eor Zt—1, L = W;)
Zg,eZt—1 ELQ

* Decomposition:

ZO,HTZa'I?'(EQ p9 (yOI TR yT; ZO, . ZT) = ]Lr]l_’a),(K V] (T)

* Recurrence Relation: (proof omitted)
vi(t) = ci(ye) - ,max vi(t—1)-q;

Intuition. For decoding, just replace sum of inference with max
* Summation over 2, ..., Z;_1 isimplicit in the definition of a;(t),
and v;(t) is indeed obtained by replacing sum with max




Inference Versus Decoding e 7 eakes v )

* Inference. Given 6, y, compute: * Decoding. Given 8, y, compute:
po(¥) = 2,00 (¥, 2) 2" € argmax pg (y, 2)

* Initialization: (Vj = 1, ..., K) * Initialization: (Vj = 1, ..., K)
a](O) = T[j . C]()’o) U](O) — T[j ) C](yO)

* Recursion: (Vj =1, ...,K,vt =1,..,T) e Recursion: (Vj =1, .., K, vt =1,...,T)

a;(t) = c;i(yy) - Ticiai(t — 1) - a5 vi(t) = ¢j(ye) - JHax vi(t—1) - a;
* Qutput: * Output:
optimal value = Y7, a;(T) optimal value =  max, v, (T)

One more step needed: find z* that attains the optimum
¢i(yy) = Pe()’tlzt — a)j) Solution: “backtracing” (next page)




Backtracing for Decoding e s

« How Does Backtracing Work: Algorithm
* zp should maximize v;(T), i.e.,
i*(T) = argmaxv;(T), zr = w;*(7)

Initialization: (Vj = 1, ..., K)

j=1,...K U](O) = TL'j . C](yO)
- i*(T): optimal index at time T + Recursion: (Vj = 1, ..., K,¥t = 1, ..., T)
. V](t) = C](yt) maX vl(t -1)- aij
prev;(t) = ¢;(y¢) - argmaxv (t—1)-a
i=1,...K
* Z;_4 should maximize v;«(;)(t) . Output:

(t—1): optimal index attime t — 1 _

optimal value = max v;(T)
Jj=1,...,K

i*(T) = argmaxv;(T), zr = w;(r

Remark. The final algorithm is known as the Viterbi j=1,...K

algorithm. It is an instance of dynamic programming. Backtracing' (Vt —T 1)

i"(t — 1) = prevy(t) Ze—1 = Wi (t-1)

¢j () = Py (el Ze = w))




Inference, Decoding, and Learning

* Inference. Given 6,7y, compute pg (y)

* Decoding. Given 8, y, compute:

Z" € argmax pg(y, 2)
VA

* Learning. Given N observations {y(")}gzl, find best 0:

mng Hg=1 po (y (n))

* We’ve seen how to perform inference and decoding in O(TK?) time
* sum vs. max, dynamic programming, backtracing

* We next study how to learn a hidden Markov model from data



Learning Hidden Markov Models y = (367 01”)

* Learning. Given N observations {y(")}gzl, find best 0:

mglx Hg=1 po (Y (n))

« EM Algorithm. Initialize 8° and alternate: (k = iteration counter)

M-step:

E-step: N
q“(z| y™) = por(z ly™) 6**1 = argmaxg 2 Z q*(z | y™)log pe(y™, 2)

n=1 z

l Substitute E-step into M-step l

N
6%*1 = argmaxg z z pok(Z Iy(")) -log pg (y(”),z)

n=1 z

* We next instantiate the EM algorithm based on the hidden Markov model
e Caution: This involves multiple pages of derivations



EM for Mixture Models: A Basic Fact

* To proceed, we recall a basic fact we’ve seen multiple times

Fact. Consider the following optimization problem:

p’ = argmaxy,, Zf:l s; log(p;) subject to p1+ - +pr =1

This problem admits a closed-form solution for p* = [p1, ..., Pr]:

Si
pi — K
i=19i

* In the sequel, we will use this fact often. When we use it, we write (concisely):

Fact: Y% s;log(p;) is maximized at p; = s;/ (XK, s))



Instantiate EM for HMMs y® = (557, 95"

Z = (ZO) ...,ZT)

N
0**! = argmaxg z Z por(z |y™) - log pe(y'™, 2)
Z

n=1

l po(y™, 2): = [1=0 e ™ | 2) Pre(20) [Tzt P4 (Ze | Z6-1)

N T T
(et AL ) = argmaxp ¢ 2 z por(z |y™) [ logpr(zo) + 2 logpc (yt(") ‘Zt) + 2 log pa(z¢lz—1)
n=1 z t=0 t=1
l The objective function is separable ‘L

- N T
mk*1 = argmax, z z poi(z ly™) -logpr(20) ||| C*** = argmax 7 7 7 per(z 1y™) logpc (yt(n)‘zt)
n=1 z

n=1t=0 z

Y

N T
AR+t = argmaxy Y Y Y pye(z [y™) log palzelze-s)

n=1t=1 z




Instantiate EM for HMMs

}Kﬂ)

00"

= (2o

(n))

ZT)

N

nk*1 = argmaxy ) ) pye(z [y™) - log pr(z0)

n=1 z

n=1t=0 z

N T
Ck*1 = argmaxc 7 7 7 poi(z [y™) logpe (¥

"lz)

Observation. The summation over z in the above can be simplified, e.g.,
* In the update of

N T
A = argmax, D > po(z1y™) logpaailze)

n=1t=1 z

164-1

* logp,(z,) depends only on z,

° p@k(z |y(7’l)) dependS on Z = (ZO; "'iZT)

e So we have

Y20k (Z 1y™) -log pr(20) = Xz 2 Dk (Z 1Y) - log 0 (20) = X, P (20| Y™) - log pr(2p)

« Similarly we can simplify the updates of A**1 and C**1




Instantiate EM for HMMs

N

nk*1 = argmaxy ) ) pye(z [y™) - log pr(z0)
Z

n=1

N T
C**1 = argmax, 7 7 7 por(z |y"™) logpe (yt(")‘zt)

n=1t=0 =z

Y

N T
AR+t = argmaxy Y Y Y pye(z [y™) log pa(zelzes)

n=1t=1 z

Y

N
T = argmaxy ) pye(zo 1y™) - logp(zo)

n=1 YAy

N T
CkH = argmaxe ) > ) vl [y logpe (w7

n=1t=0 Zt

v

N T
A = argmax, » > Y poe(zzes |y ™) log paz|ze-1)

n=1t=1 Zt,Zt—1

We will next handle the update of ©

1 1 1
k+ ,Ak+ ) and Ck+

in succession




1 State Space 2 = {w1, ..., Wk }:

(57,

)

Updating it Fach Z, takes values in Y =

7T = argmaxy ) Y pye(zo y™) - logp(z)

n=1 VAY)

Rewrite the objective using the definition of ; and add the constraints Ty + -+ T = 1

A 4
N K
m**1 = argmax, z Z Pk (Zo = w; | y™)log(m;)  subjectto My +-+mg =1
n=1i=1
Fact: Y&, s;log(p;) is maximized at p; = s;/ (X5 1 s)). But what is s;?
Y
e Zn=PoelZo =i |y") BN Pk(Zo = w; [ y™) .
T; — <N KIP) (Z_ | n)y N ’ V—,..,K
n=1 Zl:]_ Bk 0 — wl y )

Remark. We will calculate ]ng(ZO = w; | y(")) later




Updating A*+1 e 7. takes s s y® = (5", .. 5")
t
N T
A = argmaxy Y Y Y pae(zezes |y ™) log pa(zelze-1)
n=1t=12z4z;—4
‘LRewrite the objective using the definition of a;; and add the constraints Zﬁ-{:l a;; =1 (Vi)
N T K K K
AF*1 = argmax 7 7 7 7 Pek(Zt = wj,Zt_1 = wi|y(")) log a;; subject toz a;; =1 (Vi)
n=1t=1j=1i=1 j=1
l, The objective function and constraints are separable
N T K K
(a{‘f’l : k+1) = argmaxjy 7 7 7 [P)Qk(Zt = wj, Zt_1 = Wj |y("))log a;; subject toz a;j =1
n=1t=1 j=1 j=1
l Fact: Zle sjlog(p;) is maximized atp; = sj/(Zﬁ-(:l Sj)- But what is s;?
aﬁ-—'_l _ Zn 12 1P0k(Zt = Wj,Lt_1 = W |y(”)) _ 12 1P9k(Zt = Wj,Li_1 = i|y(n)) vi, )
12 121 1P0k(zt - w]»Zt 1= Wi |y(n)) n=1 Zt=1 [P)Bk(zt—l - wily(n))

Remark. We will calculate ]ng(Zt = wj,Zt_q = a)i|y(n)) and Py (Z;_1 = a)ily(")) later




Updating C K+ e 7. takes s s

Observation Space £ = {0y, ...

) Uv}:

Each Y; takes values in X

Ck*1 = argmax, Z Z Z P (2 |y"™) log pe ( t(n)‘zt)

n=1t= Zt

y® = (35", .

)

Rewrite the objective using the definition of by, indicator function I(-), and add the constraints _, cir =1 (V))

C**1 = argmaxe Yn—q Nico Xieq Pyr(Z; = w; |y(”))logpc( (n)lzt - wf)
= argmax; Yn—1 Nieo Lger Por(Z: = w; [y'7) B- 1]1( "= U‘r) log ¢;jr

st. Yy=1Cr = 1 (V))

l, The objective function and constraints are separable

N T V

v
(cih . it h) = argmaxg Z z 2 Pok(Zy = w; |y(”))]]( = ar) logcj, st z Cir =
r=1

n=1t=0r=
‘1, Fact: Y.Y_; s, log(p;) is maximized at p, = s,/ (Xve1 Sy-). But what is s,.?
o NP (Z = YOI (v =) N DT oﬂ%k(zt—w, YOIy = o) i
ck+l — = LT
o N1 Xr—0 Xpey Por(Z, = Wj |y(n))ﬂ( " = Ur) n=12t=0 Por(Z: = Wj |y(n))

Remark. We will calculate ng(zt = Wj |y(”)) later




Updating T[k+1, Ak+1, C'k+1

N _
gl = D=1 Pek(zﬁv— w; | y™) Vi)
k+1 Zg=1 2%1:1 ]ng(Zt = Wj, L1 = W; | y(n)) ..
A N ~NT _ (n) Vi)
n=1Xt=1 Pk (Zt—1 = w; | y™)
k+1 Yn=1 Lio Poi(Ze = w; [y (yt(n) ~ J?‘) .
Gr = N T ™) (Vj, 1)
n=12t=0 Pek(zt = Wj | yiv)

* Question: How to understand and interpret the above update formulas?
* Hint: Probability is expectation of indicator function, that is

rl\zl=1 IP¢9i’<(zo = w; | y(n)) = g=1 Eek[ﬂ(zo = w;)| )’(n)]

* Answer: )
- Expected number of times that Z, = w; takes place, given {y(")}n_l and 9%
T = =
N

We can interpret at! and ckt?!

i iy~ similarly (how?)



Updating T[k+1, Ak+1, Ck+1

N _
gl = D=1 Pek(Z;)V— w; | y™) Vi)
k41 Zgzl ZI=1 ng(zt = Wj, L1 = W; | y(n)) ..
A N ~NT _ (n) (Vi)
n=12t=1Pok(Zt_1 = w; | y'™)
o ISP (7 =y |y (v = o) |
Gr = N T ) (Vj,r)
n=1 Zt=0 IP)Q"(Zt — Wj | yv)

* To proceed, it suffices to calculate the following “posteriors”(Vi, j):
» &5(tn) = Py(Z, = wj, Zey = w; | y™) (vt > 0)

k — _
" Y (t,n) = [P)Hk(zt — Wj | y(n)) (vt = 0) k+1 n=1Vi(0,1)
k+1 _ &m= : Vi
* Indeed, we have: ‘ N (Vi)
N ~T :k
p ke1 | 2m=12t=15i;(t,n) .
Remark. Computing Ef‘j(t, n) and Vi (t,n) is the E-step! ajj -~ = N_ ST “K(r—1n) (Vi, )
* In general, the E-step requires computing the Zx_ Z;_ y;‘(t DI (y(n) _ )
posterior pk(z |y™) for all possible z. k+1 _ o=l at=07) 47 t r Vi

K k 5 N T K (Vj, 1)

* For HMMs, computing fl-j(t, n) and % (t,n) is enough n=1%t=0 y; (& n)




Updating T[k+1, Ak+1, C'k+1

N _k
—1Y; (0,n
TL_{(+1 _ n—1);\l,( ) (Vi)
k+1 Z1I¥=1 Z’tl;=1 55 (t' Tl) ..
Aij ~ = TN ~T ok (Vi, j)
n=12t=1Vi (t —1,1)
o I femi(yP =a)
Gr = N ~T ok (Vj, )
n=12¢=0V; (£, 1)

£t n) = Poi(Z, = wj, Zi—y = w; | y™) (Ve > 0)
: }‘(t, n) = IP)Qk(Zt = w; | y™) (vt > 0)

« Question. Wouldn’t it be enough to compute E{‘j(t, n) only, as we obviously have

* Answetr.
» &£/5(t,n) and y; (¢, n) are widely used notations elsewhere: Not possible to uproot them



Updating T[k+1, Ak+1, C'k+1

k+1 _ n 1VL (O n)

T (Vi)
Zn 12 15 (t n)
K+1 _ ij .
aij N=1Dt= 1Vl “(t—1,n) (vL.J)
N 1(y" = o,
c};“ _ Yim=1 Nt= 0)/] “(t,n) ( 0 ) Vi)

1Zt Oy] (t Tl)

: Stlkj(t; n) = ng(zt = Wj, L1 = W; | y(n)) (Vt > 0)
Lt,n) = P(Z, = w; | y™) (vt = 0)

* Dropping indices n, k for clarity, we can reformulate our goal (E-step) as follows:

E-step. Given y = (y4, ..., yr) and 6, compute (Vi, )
° glf(t) — ]P)Q(Zt — (,()j,Zt_l = Wj ...,yT) (t > O)
« i) = Pg(Zt = w; | Vo, oo VT) (t = 0)




Computing gij (t) and Vi (t) & (0) = Po (o, v Yo g = @)

ﬁ](t) = ]Pe(yt+1; o YT | Zt — (U])

E-step. Given y = (y4, ..., yr) and 8, compute (Vi, )
° fij(t) — IP)H(Zt — a)j'Zt—l = Wi | Yo, '"in) (t > 0)
« (1) = ]Pg(Zt = w; | Vos - » VT) (t=0)

* Intuition: &;;(t) and y;(t) are “posteriors”
* To compute them, we need to convert them into likelihood via Bayes rule

* Applying the Bayes rule to y;(t) gives

. PQ(yOl"'lyT!Zt:wj) . [P)Q(yO !!!! yt,Zt:(Uj) ’ PGO’HL---J’T |y0,---,yt;Zt:(Uj)
y;i(t) = =

Po(yo,--YT) Po(yo,--YT)
_ Po(yo,yeZe=w)) PoWigr,yr | Ze=w))  ai(0) Pg(Werr,¥T | Ze=w)) a0 B;(D)
Po(¥o,--YT) YX L ai (D) Peg(Ver1,yT | Ze=wy) TR ai(8)Bi(t)

° ,Bj (t) is called “backward probability”
* To update y; (), it suffices to recursively update «;(t) and §;(t)



Computing &;;(t) and y;(t)

° fij(t) = Pe(zt = wj,Li_1 = W;
¢ Vj(t) — PG(Zt — a)j |yOJ ""yT)

Yo '"lyT)

E-step. Given y = (y4, ..., yr) and 6, compute (Vi,

j)
(t > 0)
(t = 0)

P@(in'"ryTtthwj) o )al(t)lﬁ](t)

Y . t — — K | Lo,
y]( ) ]P)Q(yOJ"-:yT) Z{{=1 ai(t)ﬁi(.t). ..................

aj(t) = Po (Yo, ) Yo, Z¢ = w))
ﬁ](t) = ]Pe(yt+1; o YT | Zt — (,()])

Cj()’t) = Pe()’tlzt = ‘Uj)

Remark. Recal

........... () =

the recursion:

¢i(ye) - Vi a;jj-a;(t—1

- Similarly, applying the Bayes rule to ¢; () gives: (details omgtféd, please verify)

PQ(:VO;---,yT;Zt:CU ',Zt_]_:(,()')
§ij(t) = : ==

Pg(¥0,--YT)

Remark. y;(t) and &;;(t) have
the same denominator.

e @iy a1 ()

Mieq ai(©Bi(t)




Computing &;;(t) and y;(t) 510 = o wepe) 22

E-step. Given y = (y4, ..., Y7 ) and 6, compute (Vi, j)
§ij(t) = Py(Z, = Wj, Ly—1 = W; o VT) (t>0) 00) = PolyelZe = )
« (1) = IPQ(Zt = w; | Yo, > VT) (t = 0)
. Po(vo,-yrZe=w;)  a;()B;(t)
Vi (&) = Po(Vo 1)  Zieq ai(®)Bi(D)
. £..(t) = Po(Vor¥T2t=0jZt—1=0;) L cj(ve) aij - ai(t—1)B;(t)
2 Po(Yo,-YT) Yie, ai(®)Bi(0)
Remark.

*  Now we only need to compute a;(t) and f5;(t)

*  We've seen how to update @;(t) via the recursion ;(t) = ¢;(y,) - Xieq a;; - a;(t — 1)




& () = Pg (Yo, s Ver Zt = @)

Updatlng a] (t) and ﬁ] (t) Bi(t) =Po(Yes1, Y1 | Zt = wj)

Cj(}’t) = Pe(}’t|zt = a)]-)

* Compute forward probability a;(t):

Vi=1,..,K

* Initialization: ;(0) = m; - ¢; ()
Vi=1,. Kvt=1,.,T

* Recursion: a;(t) = ¢;j(y.) Yicia(t—1) Aij

* Compute backward probability §;(t): (details omitted, please verify)

Vji=1,..,K

* Initialization: §;(T) = 1
Vi=1. Kvt="T, .1

* Recursion: §;(t — 1) = i () - Bi(t) - ajj



Summary of the EM Algorithm

1. We derived the formula of the EM algorithm for updating
and showed that their updates depend on posteriors fikj(t, n) and y]k(t, n)

k+1 gk+1 ,k+1
, A5, C

2. We dropped indices n, k and defined ¢;;(¢) and y; ()

3. We showed that ¢;;(£) and y;(t) depend on the forward probability and
backward probability, a;(t) and 5;(£), which can be updated recursively

a;(t) = Po(yVo, » Ve, Zt = wj)
Bi(t) = Po(Ves1, Y7 | Zt = wj)

l Indices n, k added back
Remark. To implement the EM algorithm, we need to go backwards:

1. Compute a]l‘(t, n) and ,B}‘(t, n) (indices n, k added back) af(t,n) = Py (yé"), e y™ Z, = (Uj)
; : k k
2. E-Step: Compute ¢;; (t,n) and Yj (t,n) ﬁ]k(t; n) = Py (yt(r)1 ___,yén) 1 Z, = (Uj)

3. M-Step: Compute /*1, Ak+1 Ck+1




Implement EM (Iteration k)

v Yt o Zt_wj)

1.

2.
3.

Compute ajl‘(t, n) and ﬁjl‘(t, n) (indices added back)
E-Step: Compute f{‘j(t, n) and y]l‘(t, n)
M-Step: Compute i+l Ak+1 Ck+1

al‘(t n) = Py ((g
BE(tn) =P (0,

:yT)|Zt_w])

of (5") = Poe (3|2 = )

1. Compute forward probability a}‘(t, n) and backward probability ﬁk(t n) (vn):

1.1. Initialization (V)
K _ (n) —
aj (O, 'n) = T[] (yon ); ﬁ]k(T; n) =1

1.2. Recursion (V}, t)
ak(t,n) = cf (;vf 2K, akt—1,m) d
Bt —1,m) = XX, ¢ () - B (t,m) - o

2. E-Step: Compute posteriors fu (t,n) and Y K(t,n)
. af(t,n)Bf (t,n)
1) = S R G YRR
) (;vt( - - afe—1,mpkEn)
by ltm) = T e

Congrats! You have derived the “Baum-
Welch algorithm” (Google search it)

3. M-Step: Compute parameters /1, gAk+1 Ck+1
N
0,n

7_L_l{c+1 _ &n= 1]/1( ) Vi)

k+1 12 1€l](t Tl) o
aij = Vi, )

121: Vit —1,1n)

k+1 n=12t= OyJ (. n)]I( ™ = Ur) .

Gr = (vj, 1)
n=1 D= 0V “(t.,n)




COHC' US|On Hidden Markov Models

D@
* We have studied HMMs é ,,,,,, é
* Inference, Decoding, and Learning

* Viterbi algorithm for decoding, and Baum-Welch algorithm (EM) for learning

* Further Study: Probabilistic Graphical Models (PGMs)

* Graph can model more complicated dependency:
* nodes denote random variables

PROBABILISTIC GRAPHICAL MODELS

* edges denote the dependency between random variables

* HMMs are examples of PGMs

DAPHNE KOLLER AND NIR FRIEDMAN

* We can extend the notions of inference and learning for PGMs
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