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Taxonomy of Generative Models

_ What we’ve learned:
What we’ve learned: Deep Generative Models e PPCA
* Markov Models, HMMs ‘ /  VAE

Autoregressive Flow-based Latent variable\ Energy-based
models models
)

(e.g., PixelCNN)_/ (e.g., ReaNVP models models

Implicit models Prescribed models

What we study now: (e.g., GANs) (e.g., VAEs)
* Linear Dynamical Systems




HMMSs and Linear Dynamical Systems

Hidden Markov Models (HMMs)

_> ...... * Hidden state Z; and observation Y; are
discrete random scalar variables

é é é e State transition and emission are discrete

Linear Dynamical Systems (LDSs)

> * Hidden state Z; and observation Y; are

continuous (random) vectors
é é é e State transition and emission are linear




. . dxd
Linear Dynamical Systems S € R
0
Linear Dynamical Systems (LDSs) * Hidden state Z; and observation Y; are
@ e > e continuous (random) vectors A € R4xd
e State transition and emission are linear C € RP*d
é ...... é é Model Parameters: d: state dimension Q € R4xd
e 0= (my,29,4,0,C,R) D: output dimension Q>0
* |nitial Distribution: R € RD*D
P(Zy) = N (70, Zo) f>0
e State Transition: Wh - |
. y this implies
P(Z4lze—1) = N (Azi-1, Q) g

e State Emission:

P(Ylz;)) = N(Cz, R)

“Markov Property”

> this implies

“Output Independence”




Filtering and Smoothing

* P1: Filtering. Given 8 and (y,, ..., V¢ ), infer the current state z;, that is to compute
Po(z¢|Yo, ) Vi)

* e.g., what is the current state of the missile given its position over some past time?

* P2: Smoothing. Given 8 and (y,, ..., Y1), infer the past state z;, that is to compute
po(zclyo, -, yr)

* e.g., where did the missile originate given we observed it over some time?

* Remark. You may find P1 and P2 familiar
* In HMMs, we solved them via recursively updating a;(t), y;(t)



Background

* Before solving the filtering and smoothing problem, we will study (review) some
basic properties about LDSs and Gaussian variables



Law of Total Expectation and of Total Variance

* We will heavily use the following basic results:

e Law of Total Expectation (LoTE)
E[x] = E, [E,[x|y]]

* Law of Total Covariance (LoTC)

Cov(x) = E[Cov(x|y)] + Cov(E[x]|y])

Cov(x,y) = E[(x — E[xD(y —E[yD']
Cov(x) := Cov(x, x)




Basic Properties S € RO

Sy > 0

Linear Dynamical Systems (LDSs) * Hidden state Z; and observation Y; are

> e continuous (random) vectors A € R9xd

State transition and emission are linear C € RPxd
éD ...... é é Model Parameters: d: state dimension 0 € R
e 0= (my,29,4,0,C,R) D: output dimension

Q>0

RE]RDXD
R>0

e Equivalent Descriptions:

_ Probabilistic Description Algebraic Description

State Transition P(Z¢|zi—1) = N (Azs—1, Q) Zy = Az;_1 + w; with wy ~ NV(0, Q)
State Emission P(Y;|z;) = N(Cz:, R) Y; = Cz; + v; with vy ~ NV (0, R)

* We assume w;, v; are independent from each other and independent from z,



Basic Properties S € RO

Sy > 0

Linear Dynamical Systems (LDSs) » Hidden state Z; and observation Y; are

> e continuous (random) vectors A € R9xd

State transition and emission are linear C € RPxd
é ...... é é Model Parameters: d: state dimension 0 € R
e 0= (my,29,4,0,C,R) D: output dimension

Q>0

RE]RDXD
R>0

e Joint distribution is Gaussian:

Gaussian

Po (Voy w0s Y7) Z0y ey Z7) =

Be()ﬁ:|zt) t:1.p9£Zt|Zt—1)

* Therefore, “any conditional distribution of it” is Gaussian
* Vague, but look at your question 1 of homework 1 (next page)



Gaussian Conditioning (Problem 1c & 1d, HW 1)

. a l’la Zaa Zab] - . . . .
If [b] N([Mb]’ S T ), then the conditional distribution p(a|b) is

Gaussian with mean p,), and covariance 24 given by

Hap = Ug T Zabngl(b — Up)

/ AN

original mean & variance of a correction upon observing b

N\ «
z:01|b = Lgq — 2:abZI;I}ZbCL



Gaussian Combining (Extension of Problem 1b, HW 1)

Gaussian Combining: If y = Cz + v withz ~ N (u,,2,) and v ~ N (0, X,,) then

[3211 NN( Cuz] [cz Cx ZCTC:—2 D

* Proof: The proof is finished by computing the following quantities:
* E[y] = E, |E, [y|z]| = E,[Cz + v] = E,[Cz] = Cp,
* Cov(z,y) = E[(z — p,)(y — Cu) "] = E[(z — p,)(Cz +v —Cp,)"| =Z,C7
+ Cov(y) = El(y — Cu)(y = Cu)T] = E, [Ey [y = Cu)(y = Cu)TI7]]
= [Ez,v[(CZ + v — Cuy)(Cz + vy — Cliz)T]

- ]EZ[(CZ o C.uz)(CZ o C.uz)T] + R
=C-E,J(z—pu,)z—pu,)"1-C"+R=C2,C" +R

Remark. In the proof, LoTE is used at the colored equality




Filtering and Smoothing

* P1: Filtering. Given 6 and (yy, ..., ¥), compute
Pe(2¢|yo, --r) Yt

* P2: Smoothing. Given 8 and (y,, ..., Y7), compute
Pe(2¢|yo, ) y1)

* Since pg(z¢|yo, ..., V) is Gaussian (Vs, t), so it suffices to compute
ZASlt = IE[ZS'.VO' ---JYt]

AN\

2:s|t = [(Zs o ZAS|t)(ZS o ZAs|t)T‘YO: ---;yt] — COV(ZS')’O» ---rYt)

* and we will do so recursively (first for filtering and then for smoothing)



Filtering: Compute Zyo, Zo|o Bute = Elzslyo. . 7

Sgie = Cov(zs|yo, ) Vi)

* P1: Filtering. Given 8 and (yy, ..., V¢), compute
Pe(2¢|yo, ) Yt

* Let’s begin with the simplest case:
* What are the mean Zy|, = E[z,|y,] and covariance £, = Cov(z,|y,) of z, given y,?

* High-level Idea.

Z
1. find the mean and covariance of [yg] via Gaussian combining

2. find the mean Z;|, and covariance 2, of zy|y, via Gaussian conditioning

Hap = Ug T 2:abzl;bl(b — Up), Za|b = Xgq — Zabzggzba



Filtering: Compute Zyo, Zo|o 2 = Elzelyor 34

Xgi¢ = Cov(zs|Yo, ve) Vi)

. 1 ZO
* Step 1: find the mean and covariance of [yol P(Z,) = N (1o, Zo)

P(Y¢lz:) = N (Cz:, R)

Gaussian Combining: If y = Cz + vwithz ~ N (u,,2,) and v ~ N(0,X,) then

3, >,CT
[)’] ( C.uz] [CZZ CZZCT + ZJ>

* Applying Gaussian combining yields

SR
Yo Cmol”|Cc2, CZ,CT+R



Filtering: Compute Zyo, Zo|o Zc = Elzdlyo, -

Xgi¢ = Cov(zs|Yo, ve) Vi)

. e Z(
Step 2: apply Gaussian conditioning to [)’o] ( ] [ 5T D
Cmol’|Cczy, CZ,CT+R

Haip = Ug T Zabngl (b — up), z:a|b = Xgq — Z:abzlgblzba

* We have
Zojo = o + XoC "(CZoCT + R) ™' (yo — Cmrp)

20'0 —_ ZO — ZocT(CZOCT + R)_chO



Filtering: From O to t

* P1: Filtering. Given 8 and (yy, ..

., V¢), compute

po(Z¢e|Yos - Vi)

ZAs|t = Elzs|yo, «v) Vel
Zgit = Cov(zg|yo, ) Vi)

* We've now computed 7, and 20|o- This solves P1 for the caset = 0

* To proceed, we will update Z;_q;_1, Zt—q|t—1 INtO Z; ¢, X4 fOr every t

The planned computational flow

2010 Zoj1  Zo|2  Zo|3

Z110  “Z1]1 212 Z1)3

N

Zojo  Z21 Zzp 4213

N

Z3l0  Z3|1 2432 Z3|3




Filtering: From O to t Zete = Elzelyo, .

2s|t = Cov(zs|yo, -+r ¥t)

* To compute Zyo and Zg|o, we
* (Step 0) found the mean and covariance of z, (already known)
Z
* (Step 1) found the mean and covariance of [yz] via Gaussian combining

* (Step 2) found the mean and covariance of zy|y, via Gaussian conditioning

Question: How can we generalize these steps for general t?

* To update Z;_q¢—1, 2t—1|t—1 into Zy, fﬂt, we will condition on vy, ..., Vs—1 and
* (Step 0) find the mean and covariance of z¢|yy, ..., V¢—1 (USINg Z;_1)0—1, 2 —1j¢—1)
Z
* (Step 1) find the mean and covariance of [Yj Vo, .-, V¢—1Via Gaussian combining

* (Step 2) find the mean and covariance of z;|y;, Vo, ..., V¢—1Vvia Gaussian conditioning

Step 0 and conditioning on y,, ..., y;_1 are the only differences
* You should be able to figure out all the details without looking at the rest slides




Filtering: Compute Zy ¢, 2|t Zote = Elzelyo, - i

2s|t = Cov(zs|yo, -+r ¥t)

* Step O: find the mean and covariance of z;|yg, ..., V¢—1 P(Z,2e1) = N (Azy_1, Q)
tl4t—1) — t—1,

* By definition, this is to compute Z;|;_1, Z;jc—1

* We have
ZAt|t—1 = Elz¢|yo, s Vo1l = E, . [Ezt[zﬂzt—p)’o; ---:}’t—1]]
= ElAz_1|yo, o-or Vel = AZAt—1|t—1

2t|t—1 = E [(Zt - ZAt|t—1)(Zt - ZAt|t—1)T‘3’o; ---»%—1] = = 1421&—1|1:—1AT + 0

T

similar to how we computed Cov(y) in
the proof of Gaussian combining



Filtering: Compute Zy ¢, 2|t Zote = Elzslyo, .

Sgie = Cov(zs|yo, ) Vi)

. . Zt X X
* Step 1: find the mean and covariance of [ ] Vo, «» Ve—1 Zej—1 = AZe—1je—1
YVt Stie—1 = AZpq ;1 AT +Q

Zg|-1 *= Mo, Zo|-1 = Zg

Zg .
}’o] and obtained

. Zo] N Zo|-1 20|—1 20|—1CT
Yo CZAO|—1 ’ Ciol_l Ciol_lcT + R

Z
 Similarly, now, applying Gaussian combining to [yi] Vo, .-, Ve—1 gives:

. [Zt] ly Yes ~ N Zt|t-1 it|t—1 2t|t—1CT
ypl 1707 St CZtit-1]"[CEye1 CEZye_1CT +R

* We applied Gaussian combining to [



taring: 5 Jsie = Bzl . v
Filtering: Compute Zy ¢, 2¢)¢ Sy = Corlzlyn .0

. e Zt X X
* Step 2: apply Gaussian conditioning to [ ] Vo, -» Ve—1 Ztje-1 = AZe-1jt-1
Yt Stie—1 = AZpq ;1 AT +Q

Zg|-1 *= Mo, Zo|-1 = Zg

Z
* We applied Gaussian conditioning to [yz] and obtained:
A A A R ~1 A
Zolo = Zg|-1 T Z()|—1CT(CZO|—1CT + R) (Yo — CZp-1)
A A A A -1 A
Zolo — ZOl—l — Zol_]_CT(CZ()l_]_CT + R) CZO|_1

Z
e Similarly, now, applying Gaussian conditioning to [)’i] |vo, -, Ve—1 gives:

. . A . —1 i
Zeit = Zee—1 + Lt t—1CT(CZt t—1Ci + R) (Vo = CZ¢e-1)

A~ . A~ A~ -1/ -~
Lt = Zt|t—1 _.Vzt|t—1(:T(Czut—lcT + R) ICZt|t—1
1

“Kalman gain matrix”. Let us denote it by K;




Summary: Filtering for LDSs | Z= By 1 B =m0 |

g1t = Cov(zs|yo, ) ¥t

* Putting everything together gives Kalman Filter:

* Initialization: Zy_ = 1g, Zg—1 = Zg
* Recursion (Vt =0, ..., T):
“Correction”:
K = $46-1CT(CEe-1CT +R) ™
Zeit = Ztjt-1 + K (Vo — CZ¢j—1)
2t|t — 2t|t—1 - KtC2t|t—1
“Prediction”:
ZAt+1|t — AZAt|t
2t+1|t = Aitw‘lT + 0

P(Y:lzr) = N (Cz, R)

How To Derive Kalman Filter
p(Ze—1lYos s Vi-1)
Prediction

\/
p(ZtlyO’ ...’yt_l) ------------------- é
Gaussian Combining :

p(Ze, Yelyos o Ye—1) Correction

vGaussian Conditioning

p(ZtlyOJ vy Yi—1o yt)('

Computational Trajectory of Kalman Filter
ZAOIO ZAO|1 ZAO|2 ZAO|3
Z0—>%211 2112 213
Zojo  Zojr>Z2)2 2303

Z310  Z3|)1 43|27 >Z43|3




From Filtering to Smoothing Zoje = Elzlyo, - v

Sgit = Cov(zs|yo, ) ¥t)

* P1: Filtering. Given 8 and (y,, ..., Y¥¢), compute

Pe(Zt|Yos s Vi)
e P2: Smoothing. Given 8 and (yy, ..., Y1), compute
Po (Z¢|Yo, ) ¥1)

* Since everything is Gaussian, to solve P2 it suffices to compute Z;r, fHT forall t

What Kalman Filter gives us: What we will do to solve P2:
ZAOIO 20|1 20|2 20|3 20|0 20|1 ZAO|2 ZA(}\|3
Z10>%11 Z112 213 Z10—>Z11 212 ZA}Js
Z210 Zopr—>Z2)2 2203 Z210 Zor—>Z2)2 ZA?\I3

|
Z3j0  Z3p1  Z3jz—>Z3)3 Z3j0  Z3p1  Z3jz—>Z3)3

Goal: Given Zy ¢, ¢t and Zgj;—q, Z¢jc—q for every t, update Zyr, Z¢j7 into Ze_q|7, Z—q|1




S M OOt h | N g Zst = Elzglyo, v\ Yt

Sgit = Cov(zs|yo, ) ¥t)

Goal: Given Zy ¢, ¢t and Zgjt—q1, Z¢jc—1 for every t, update Zyr, 2y into Ze_q|1, Z—q|1

e Observation:

* Since z;_4 is independent of y;, ... yr given z;, we have
Po(Ze-112¢) Yo, s Ye-1) = Po(Ze-112t, Yo, s Y1)

* High-level Idea:
1. Compute pg(z¢—1|2¢ Vo, ---» Yi—1) Via Gaussian combining and Gaussian conditioning
* This gives us pg(Z¢—1|2¢, Vo, «or YT)

2. Given pg(zt-112¢, Yo, -+, Y1), update Zyr, iﬂT into Z;_4r, it—llT via LoTE and LoTC



S m OOt h I n g P(Zilzi—1) = N(Az—1, Q) ZAsh = Elzs|yo, ..., yel

Sgit = Cov(zs|yo, ) ¥t)

* Step 1: Compute pg(Z¢—1|2¢, Vo) vvr Vi—1)

Gaussian Combining: If y = Cz + vwithz ~ N (u,,2,) and v ~ N(0,X,) then

) z,CT
[321] ~ N ( él;z] ’ [ci CZZCZT + ZvD

Gaussian Conditioning: tgp = g + ZapZpp (b — Up), Zaip = Zaa — ZabZph Zba

Zp_
* Step 1.1: Applying Gaussian combining to [ tztll Vo, ..., Vi—1 BiVeES:

5 Y S T
Zt—1 Zt—1|t-1 Xi-1t-1  Ze-1)t-14 = =
[ A ] |}’0; ey Ye—1 ™ N ([ ) A~ Z:t|t—1 = Azt—1|t—1AT + Q

Zt|t—1 Azt—1|t—1 Zt|t—1

 Step 1.2: From Gaussian conditioning we see z;_1|z¢, Vo, ..., Y—1 has distribution:

A 5 S . S _a a—1
N(Zt—1|t—1 + Lt—l(Zt Zt|t—1)»2t—1|t—1 Lt—lAZt—1|t—1) Li—q =X q)t—1A" 21

Remark. Note that Lt—lAft—1|t—1 = Lt—12t|t—1LI—1r so the covariance ft_1|t_1 — Lt—1A2t—1|t—1 is symmetric




ZAs|t = Elzs|yo, «v) Vel

S M OOt h N g Li—q = it—llt—lATia%—l Eslt := Cov(z|yo, ) Vi)

* We have obtained
Po(Ze—112, Yo, - Y1) = N(ZAt—1|t—1 + Lt—l(Zt — ZAt|t—1)»2t—1|t—1 - Lt—12t|t—1LI—1)

* Step 2: update Zz, £¢j7 into Z,_q|7, £¢_1)7 via LOTE and LoTC
ZAt—1|T = Elze_1|yo, - yr] = E,, [[EZt_l[Zt—llzt»yO: ---;J’T]]
= IEzt[ZAt—1|t—1 + Lt—l(Zt — ZAt|t—1)|y0) ---:)’T]

= Zt_q|t-1 T Lt—l(ZAt|T - ZAt|t—1)
it—llT —_ COV(Zt—llyOJ ...,yT) — IE[COV(Zt_1|Zt, yo, ,yT)] + COV(E[Zt_1|Zt, yo, ,yT])

= E[it—ﬂt—l - Lt—litlt—lLI—l] + Cov (2t—1lt—1 + L (2 — ZAt|t‘1))

= Zt-1|t-1 — Lt—1§t|t—1L-tr—1 + COV(ZAt—llt—l + Lt—l(Zt — ZAt|t—1)|y0» ---»YT)

5
Sto1jt—1 + L1 Gor — Sgpe—1)Li 4



Summary: Smoothing for LDSs Zoje = ElZ5|o, ., Y1

Sgit = Cov(zs|yo, ) ¥t)

* Goal. Given @ and (yy, ..., Y1), compute
pG(ZtlyO; ""yT)

* Algorithm (known as “Rauch-Tung-Striebel smoother”).
1. (Forward Pass) Run Kalman filtering to compute Z;,, fﬂt and Z¢y 1t §t+1|t forallt

2. (Backward Pass) Fort =T, ..., 1, compute the following:

* Liq = Zpqt-14 Zt|t—1

Computational Trajectory of Smoothing:

A A A A ZAOIO 20|1 20|2 ZAO|3
* Zp T = Zp-1)t-1 T Lt—l(Zt|T - Zt|t—1) 1
Z110>Z111 212 Z}J3

AN _ A\ A\ AN\ T . . . A
* Lp_q = Zp_q)e-1 Tt Lt—1(2t|T — Ztlt—l)l‘t—l Zojo  Zapm>Z2i2 %213

Remark: L;_; might also be computed in the forward pass Z3l0 Zzj1 Z3|27 7233




State Estimation and Learning

* Now that we’ve studied algorithms for filtering and smoothing, we are prepared
to perform more complicated tasks

* State Estimation (“Decoding”). Given 8 and (y,, ..., Y1), solve:

argmax pg(zg, .., Z7|Vo, «r Y1)
20, ZT

* Learning. Given N observations {y(")}:ﬂ, find best 6:

max [Ty-1 pe (y'™)



State Estimation Zste = Elzolyo, ., i

g1t = Cov(zs|yo, ) ¥t)

* State Estimation. Given 8 and (y,, ..., Y1), solve:

argmax pg(zg, ..., Z7|Vo, ver Y1)
Zg,ZT

* Solution:
* Since py(2y, ..., Z7|V0o, ..., Y1) is Gaussian, the optimal solution to state estimation is

TZo T -]E[ZOl:yO) ---;:VT]_ _ZO|T_
E Zl Yor Y| = [E[Z1|)70:; w1 - Zl'lT
14 I 1Elzrlyo, - yrl. _§T|T_

* Therefore, the state estimation problem can be solved by smoothing

* Similarly, we can prove the Kalman filter gives the optimal solution Z;; to max pg CAL
Zt



I_ea rn I ﬂg Model Parameters:

Linear Dynamical Systems (LDSs) e 0 :=(my,29,4,0,C,R)

N
* Learning. Given N observations {y(")}nzl, find best 0:

meax H%’=1 po (Y (n))



Learning (Review Lecture 2)

1-N Ty-—1
exp| ==, (i—p) "Z7 (i —p)
* The likelihood [Ti-, pg (x;) = ( 2 = = ) is maximized at
(2m) 2 det(2)2

. Zlivzl(xi — /,t*)(xl — ‘u*)T <empiricalcovariance

N
. Di=1%i .
— , >
N '« N
empirical mean

* How did we obtain u* and X*?

e Step 0: Rewrite the objective

* maximizing log-likelihood is minimizing NlogdetX + 3N . (x; — ) "= 1(x; — p)
* Step 1: Set the derivative w.r.t. u to 0

* solving it gives u*

e Step 2: Substitute u = u* into the objective, and set the derivative w.rt. 2~ to 0

m - logdetX + tr(SX™1) is minimized at £ = S/m



Learning

Linear Dynamical Systems (LDSs)

Model Parameters:

e O := (ﬂo,ZO,A,Q,C,R)

* Learning. Given N observations {y(")}:ﬂ, find best 0:

* We are going to apply the EM algorithm (iteration: k):

0

max Hg=1 po (Y (n))

M-step:

E-step:
q*(zly™) = pgi(z |y™)

0k+1 —

n=1

N
argmaxe ) B, _gx(z1y) 108 P6 (¥, 2)]




. Model Parameters:
GLeSSIHg e 0= (14204 0,C R)
E-step: M-step:
q*(zly™) = por(z ly™) 6"+ = argmaxg Xn=1 E,_jk(, )| log pe (¥, 2)]
P(Zy) = N (g, Zo) P(Z|ze—1) = N(Azp—1, Q) P(Y¢lz) = N (Cz, R)

* Let us exercise our intuition and guess a solution to the M-step...
* Since m, = [E[z,], we guess... :

N
E, k(v [Z0]
T[k+1 = z z~q (zly ™) O <—— “empirical mean”
0 N
n=1
* And we guess the covariance should be .
N
yh+1 _ z (IEqk(z|y(n))[Zo] — 7T(’)c+1) (Ez~qk(z|y(n))[20] - ﬂgﬂ)
£+l =
N
n=1 N

“empirical covariance”
* Try having a guess for AXT1, Qk+1 ck+1 REk+1 yoyrself...



E-step (iteration: k)

ZAs|t = Elzs|yo, ..., yil
Zsi¢ = Cov(zs|Yo, -er Vi)

E-step:
q*(zly™) = pgr(z ly™)

M-step:

9k+1

= argmaxg Z,’,\l’zl Ez~qk(z|y(")) [108 Po ()’ (n)» Z)]

* In E-step, we will need to compute the expectation IEZ~qk(z|y(n)) [-].

e “It turns out that” ...... we only need to compute the following expectations:

(n)
IIEik
(n)
[Ek
(n)
]Ek

2] = B, _ ey [2]

T

Z,Zy | = IEJZqu(Zly(n))[Z,;Zgr ]

T

ZpZp_q] = IEZqu(ZW(n))[ZtZtT—l]

* later you will see why...



E-step (iteration: k)

ZAs|t = Elzs|yo, ..., yil

* These expectations can all be computed via smoothing using 8% and y(")
* To see this, dropping indices k, n for clarity, we have

Elz:|y] = Elz|yo, ..
[ZtZt ly] = Cov(z;|yy, ...

yr] = Ze|T

= Ber + 2

T _ $ 5 5T
Elzeze_1|y] = Le—1Zer + ZejrZe—q)7

homework

’yT) + E[ZtlyO' '"JYT][E[Zg-lyO;

,¥1]

Zsj¢ = Cov(zg|yg, .., yr)
E-step: M-step:
qk(z|y(”)) — pek(z |y(n)) gk+1l — argmaxg 2%’:1 Ez~qk(z|y(n))[log pg(y(n),z)]
Ey[ze] = E, qk(z1ym)l2]
Efcn) :thg-] = [EZqu(Z|y(n)) [ZtZtT]
IEI({n) :ZtZI:“r—l] = [Ez~qk(z|y(n)) [ZtZtT—1]

— 3 T$—1
Leq = Zpq)e-14 Zgji—q




I\/l _Ste p (lte ratlo N: k) P(Ztifg :%&f;ﬁf@ Model Parameters:

e 0 :=(my,20,4,0,CR
P(Y;|z,) = N'(Cz, R) (o 20, 4,0, ¢, R)

M, 1.—
Eylz] = IEZ~61"(Zly("))[2t] gk+1

= argmaxo Xn=1 E,_x(; ) |10 po (¥™, 2)]

IE;({n) :ZtZtT] = [Ez~qk(z|y(n))[ZtZtT]

IE,({n) 2,z 4] = [Ez~qk(z|y(")) [2:2{_4]

* Observation. In the joint log-likelihood

Po Vo, -+ Y12 20, -, 21) = Pa (20) [t=0 Po Vel ze) [t=1P6 (2¢12c-1),

* Ty, Xo Only appearin pg(zy)
A, Q only appear in [T{=; pg(2¢|2¢-1)
C, R only appear in [T;-o pe (¥¢12¢)

* So the objective of the M-step is separable (as in HMMs), this gives ... (next page)



I\/l _Ste p (lte ratl on: k) IP’(ZtIIP;ES :;\\ff((zgf;)’)@ Model Parameters:

e 0 :=(my,20,4,0,CR
P(Y;|z,) = V(Czy, R) (T 20,4, 0.6 R)

[Eg{n) [Zt] = IEZ~qk(Z|y(n))[Zt]

0k+1

]E]((n) [ZtZt-'r] = ]EZ~qk(Z|y(n)) [Zthj'r] - argmaXQ Z'{’Vl=1 ]EZ""qk(Zly(n)) [log pe (y(n), Z)]

IES‘) [thg—ﬂ = [Ez~qk(z|y(n))[ZtZtT—1]

* We can therefore decompose M-step into 3 optimization problems (as in HMMs):
M-step (g, Zg):
(ﬂ(’f“, 2'5“) — drginaxg 2115[=1 IEZqu(Zly(n))[lOg po(2o)]

M-step (C, R):
(C**1, R¥*1) = argmaxe TN_; E, _ k() | Zicologpe (3|2 )|

M-step (4, Q):
(AF*1, QF*1) = argmaxg Y1 E, gk (z1y™) [Yi=1log pe(z¢|2¢-1)]

* We will address them one by one next



M-step (g, Zo) PZ) = Wt 2o) Bl l22] = B, qu(aym)l

[E(n) [ZtZt 1] =

E(n) [ZtZt | = IEZqu(zW(n)) [ZtZtT]

.
IEZNQk(Z|y(n)) [2¢2¢—1]

(g™, Z5*) = argmaxe Yp= E

2~q*(z1y™) 108 Po (Z0)]

* Since pg(z,) is Gaussian, we have:
log pg (20) o —logdetXy — (2o — 7o) "25 " (29 — 7o)

 And now we get this:

A 4

(n(’)‘“, Z’O‘“) = argming N logdetZ, + X.0_, [EZqu(Zly(n))[(ZO — 1) " 25 (2 — 1o)]




M ‘Ste p (77:0; ZO ) 7] = E, - qk(zym) 2]

E(n) [ZtZt | = Ez~qk(z|y(n)) [ZtZtT]

E(n)[ZtZt 1] = Ez~qk(z|y(n))[ZtZtT—1]

(mk*1, 2k*1) = argming N log det Z, + Y¥N_; IEZqu(ZW(n))[(Zo — 1) 'Zq (20 — o)

use the definitions of IE,(cn) |zo] and [E,({n) (202 ]

(mk*1,2k*1) = argming N log det Xy + Nmg Zg g + XN_; tr (IE,({n) [ZOZ(-I)_]Zal) — 23N mlZy 1[E(n) (o]

1IN BV Lzo)
N Use mk+1

« Setting the derivative with respect to y to 0 yields mX*1 =

Y

Y&+l = argming N - logdetXy + XN_, tr (IE,(cn) [Zozg]Zal) — N -tr (n§+1(n(’)‘+1)T251)

m - logdetX + tr(SZ™1) is minimized at ¥ = S/m
v

N (n) T
k+1 _ 2n=1E; [2070] 1 INT
ZO — N - 77:(]){-'- (n(l)c-l_ )




M ‘Ste p (C; R ) POrlze) = N(C2oB) | | BTz = E pgt(zlym) 7]

(n) T
£, [ZtZt] = Ez~qk(z|y(n))[ztzt]
(C**1, R**1) = argmaxg Yp-1 K, g (z1ym) [ZLO log pg (y t(n)‘zt)] IE(") [ze2{_4] :

— T
= Ez~qk(z|y(n)) [2:2¢-1]

l Do (yt )l ) is Gaussian

=
(C**1, R**1Y = argming N(T + 1) logdetR + XN_, ¥, [EZthk(Ztly(n)) [(yt(n) — CZt) R~ (yt(n) CZt)]

luse the definitions of IE,((n) |z] and IE,({n) [z:2]]

ming N(T + 1) logdetR + N_, 3T_, {tr ((CE,({") (2,2 1CT + y™ (y,f")) ) R~ — 2yWEM [zt]TCTR_l)}

* Setting the derivative with respect to C to 0 yields
-1
ck*l = ( =1 Zt 0 yt(n) Efc") [Zt]T) (21151’:1 Zz?:o [E(n) [thg])

ming N(T + 1) logdet R + 3y S1oftr (3™ (5™) R = 3B (2] (1) TR )]
0 tr(CTX) m - logdetX + tr(SZ™1) is minimized at £ = S/m l

— X
ac =
9 tr(CTXCY) pier1 _ 2 L 0¥ (3EP) —cr BN, 3T B[ (v7)

3C =XCY+X'cy" NTTD

Use Ck*1




M ‘Ste p (A) Q ) PAZelars) = VA% 2 Q) B lz] = E,g(zpym) 2]

E(n) [ZtZt | = Ez~qk(z|y(n)) [ZtZtT]

AR+ 0k+1y = aromaxe YV_, E I, lo _
( Q*thH gmaxg Yn=1 2~q*(z]y ))[Zt_1 g8 0o(Z¢Zt-1)] E(n)[ZtZt = Ez~qk(z|y("))[zt2£r_1]

J Po(Z¢|z¢—1) is Gaussian
( ) Q ) dargming 0g de Q + Zn=1 Zt=1 Z~qk(z|y(")) Zt Zq Q A Zi_q

l use the definitions of IEgl) [z,2{ ] and IEfcn) (2,2 4]

ming NT logdet Q + YN_, 37_, {tr (( (B (20120 4]) AT + E{[2:2]1) Q~* — 2E(" [ztth_l]ATQ‘l)}

* Setting the derivative with respect to A to 0 yields

At = (Zn 1 Xt 1E(n)[ZtZt 1]) (Zn Y 1[E(")[zt 12 1])_1

Use Ak+1

Y

ming NT logdetQ + Yn_1 Y11 {tr ([E,({n) (202,107 — EMV 2.2, 1(A¥* )T Q™ )}

m - logdetX + tr(SZ™1) is minimized at £ = S/m l

dtr(A'X)
0A N T wM[, T|_akt1vN T 5 T
0 tr(ATXAY) Qk+1 _ Y1 im0 B 2ozl |-AFT T N S0 By [ ze—12{ ]
Y = XAY + XTAYT NT




Summary: EM for LDSs (iteration: k)

E-step

Given 6%, for each y("), use Kalman Filter & Smoothing to compute:
¢ IEi") 1Z¢] = [EZqu(ZW(n))[ZtW(n)]
° ]E(n) [ZtZtT] = [Ez~qk(z|y(n))[ztz£r|y(n)]

. [E(")[tht 1] = Ez~qk(z|y(n))[ZtZtT—1|y(n)]

add indices n, k

* Zgt = Elzslyo, s Vel
* Xg = Cov(zg|yo, o) Vi)
* L q= 2t—1|t—1ATZt_|%—1

le

M-step
Update parameters:
- ZN_1 BV [z]
0 N
. 3kl = R nk+1(ﬂ§+1)T

-1
» CHH = (Zn 1 Xi= Oyt(n) E(n)[zt]T)( g=1zg=o[51(<n)[ztz£r])

.
. pki1 _ Zhm L oy () —k SN ST B 2 (y™)
N(T+1)
-1
« pAk+1 _ (YN T (M) T N T @) T
A —( n=1t=1 L}, [ZtZt—l])( n=1t=1 121244
. QkHl = SNy Bl By [z | —aR g ST Bz 2]

NT

Kalman Filter & Smoothing can compute
« Elzyl = ZAt|T

* Elzez{ |yl =Zyr + 2t|T2tT|T

* Elziz{ 4|yl = Leo1Zyr + ZAtlTZA;r—1|T
via forward & backward passes

ZAOIO ZAO|1 20|2 20
T
Z0—>%211 212 213
1
Zopn Zor—>Zz2 %213
!
Z112  Z3p1 Z3;2—>Z3)3

Model Parameters:
e O := (no,ZO,A,Q,C,R)

P(Zy) = N (10, Z0)

P(Zlzi—1) = N(Azi—1, Q)
P(Y|z;) = N(Cz:, R)




Possible Extensions of Li

near Dynamical Systems

Linear Dynamical Systems (LDSs)

How To Derive Kalman Filter

P(Ze-1|Yos s Ve-1)
Prediction

\ /
p(ztl)’m - yt—l) ...................
vGaussian Combining :

e What if ......

e we do not have Gaussians?
* we have time-varying dynamics?
o Zt = AtZt—l + th Yt = CtZt + vt

 we have control over states?
i Zt = AZt—l + Uxt + Wt

* we have nonlinear dynamics?
* Zr = f(ze—1) +wy, Ve =g(20) +vp

D(Ze, Vel Vs ooor Vi—1) : Correction
l Gaussian Conditioning

P(Ze]Y0s ) Vi1, Vi) Comeeeeenes

Zolo  Zoj1  Zol2  Zo|3
211022111 212 Z1|3

Zopg  Zar>Zz2 4213

Z1)2 Z3)1 Z3]27 22433
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