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* Denoising Diffusion Probabilistic Models
e Conditional Diffusion Models: Stable Diffusion, ControlNet, VideoFusion



Denoising Diffusion Probabilistic Models (DDPM)

* A denoising diffusion probabilistic model is a parameterized Markov chain trained
using variational inference to produce samples matching the data after finite
time.

* DDPM learns to reverse a forward diffusion process. The forward process
gradually adds gaussian noise to the data until signal (i.e., the image) is
destroyed. The reverse process predicts how to denoise.

Forward diffusion process (fixed)

Data Noise




Denoising Diffusion Probabilistic Models (DDPM)

* We can view DDPM as a Markovian Hierarchical Variational Autoencoder
(MHVAE) with T hierarchical latents z = z,.+ = {z;}}_; modeled by a Markov
chain where each latent z; is generated only from the previous latent z; ;.
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z =217 = {Z}t=1
* What is the VAE encoder g(z | x) of DDPM?
* What is the VAE decoder p(x | z) of DDPM?
* What is the ELBO of DDPM?




Let us Recall the Training Objective of the VAE

e Evidence Lower Bound (ELBO) p(x|2)
logp(x) > Eqp(2]e) llog p(z, 2) ] K\
4o (Z|T)

* Decomposition of the ELBO @ @
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MHVAE: the Latent Variable is Autoregressive

* A MHVAE is a VAE whose encoder and decoder are autoregressive models:
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* Given this joint distribution and posterior, we can further rewrite the ELBO for
MHVAE (details see next page):
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Denoising Diffusion Probabilistic Models (DDPM)

* ADDPM is an MHVAE: x, = x is the data and x;.; = z,.7 is the latent variable
e All latent variables have the same dimension as the dimension of the data

e The structure of the encoder q(x1.7 | x9) = [Ii=1 q(x¢ | x,_1) is not learned,
but it is pre-specified as a linear Gaussian model

q(xi|Ts—1) = N(2t5 /o1, (1 — ay)l)
* The parameter a; is chosen such that x; ~ N (x; 0,1) is a standard Gaussian
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The Forward Process of DDPM

Given the formulation of a single noising step = = vz 1+ VI- e,
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* We will use this for the reparameterization
trick later.
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The Forward Process of DDPM

Note that, due to the Markov assumption of DDPM, the next phase is only
conditioned on the previous adjacent phase. We can rewrite the encoder
transitions using the trick:

q(x; | xe—1)
=q(x¢ | x¢—1,%0)
_ a(Xe—11Xe X0 )a(XtlXo)
q(Xt—11x0)

This is because the extra conditioning term is superfluous and does not affect the
conditional distribution.

We will use this derivation when rewriting the ELBO for DDPM.



The Reverse Process of DDPM

Given assumptions of DDPM, we rewrite the joint distribution of a MHVAE to write
the joint distribution for DDPM as the product of decoder transitions (reverse
process): T

p(xor) = p(xT) t 1Pe(xt—1 | x¢) where p(x7) =N (x7;0,1).

The ELBO for DDPM is (details elaborated in next page):
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Interpretation of the ELBO for Diffusion Model

logp (x) = -+

T
- Eq(x1|x0)[10gpe (xo | x1)] = DKL(CI(xT | x0)|p(xT)) - ZEq(xtlxo)[DKL(Q(xt—1 | %, 20 ) || Do (Xe—1 | X¢ ))]

t=2

reconstruction term

Eq(x1|x0)[log pe (xo | x1 )] can be interpreted as a reconstruction term; like its

analogue in the ELBO of a vanilla VAE, this term can be approximated and optimized
using a Monte Carlo estimate.

DKL(q(xT | xo)|p(x7)) represents how
. It has no trainable parameters, and is also equal

to zero under our assumptions.

Eq(xt|x0)[DKL(CI(xt—1 | X, %0) || po(xe—1 | x¢ ))] is a . We
learn desired denoising transition step pg(x;—1 | x; ) as an approximation to tractable,
ground-truth denoising transition step q(x;_1 | x¢, xg ).



ELBO for a DDPM: Denoising Matching Term

(@ |z, ) = TET=1:20)2(@e1|20)
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* To compute the third term, we need
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ELBO for a DDPM: Training Objective| ,

* Recall KL divergence for Gaussians

Dxr (N (; poo, Bz) || N (Y5 pay, B
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* Choose variance of p to match exactly variance of q
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ELBO for a DDPM: Training Objective

* What is Xg(x;, t)? Neural network that seeks to predict x, from noisy image x;

Dy (q(x¢—1|®:, o) || po(@i—1]ae)) = 20;(t) 54711(_1 ;1:;)2 [||§:9(a:t,t) — -’130||§]

* Therefore, optimizing a DDPM boils down to learning a neural network to predict
the original ground truth image from an arbitrarily noisified version of it.

* Furthermore, minimizing the sum across all noise levels can be approximated by
minimizing the expectation over all timesteps, which can then be optimized using
stochastic samples over timesteps.
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ELBO for a DDPM: Training Objective

* ELBO objective can be further rewritten as:
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* Can train a network to predict SNR(t) = exp(—wy(t)) .". 1 — &; = sigmoid(wy,(t))



Reparameterization as an Alternative Form for ELBO
Var(l—a 1)z + /a1 (1 — ap)xg
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ELBO for a DDPM: Noise Predictor

* The model predicts the noise to be removed in each step (i.e., denoising) by
optimizing denoising matching term. This reduces to minimizing the difference
between the means of the two distributions:
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Sampling from Diffusion Model

* The complete sampling procedure, as we have described, iteratively executes the
denoising process from a Gaussian initialization x.

Recall: q(xr—1 | X¢, X9 ) = N(x,_y; g (e, x0), 2 (1))

\*J

As we have derived: The variance is a scheduled constant:
we set ~29 (xt,t) = 021 to untrained time dependent constants. Experimentally, both o2 = 3; and

1 1 — Ot
=1 3, had similar results. The first choice is optimal for xo ~ A(0,I), and the

po(xe,t) = —————€&g(Tt,1) or=p =
A /Ot 1 — £ / at second is optimal for x( deterministically set to one point. These are the two extreme choices

Algorithm 2 Sampling
1: XT v N(O, I)
2: fort=1T,...,1do
3: 2~ N(0,I)ift > 1,elsez = 0
4 X1= o (Xt — J=2teq (x1, B)f) + oz
gf end for Our trained noise
. return xo




Summary

* Our key idea is to find a way to learn the reverse process.

* Give a (corrupted) image and its current time step, the neural network predicts
the noise for next reverse time step.

Algorithm 1 Training Algorithm 2 Sampling
1 repeat 1: xr ~ N(0,T)
g' ;(0 NUq(,?O) (11 ™ 2: fort=1T,...,1do
: t ~ Uniform({1,... :
. ) ) 3 ~ 0.I)ift >1,el — 1
4 €~ N(0,T) il ’1)‘ e
5: Take gradient descent step on 4 xXe-1= 5 (Xt — \rétée(xt,t)) + 012
Vo He—eg(\/c_ytxo—i—\/l —c‘xte,t)HQ 5: end for
6: until converged 6: return xo




Implementation

 DDPM often uses U-Net with residual connection and self-attention layers to
represent €g(x¢,t) .

* Time representation is conditioned in the U-Net as sinusoidal positional
embeddings or random Fourier features.

* Given a (corrupted) image and its current time step, the U-Net predicts the
noise for next reverse time step.
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Implementation
e Samples of DDPM
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