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Taxonomy of Generative Models

_ What we’ve learned:
What we’ve learned: Deep Generative Models « PPCA
e Markov Models, HMMs ‘ /  VAE
Autc:;i%reelzslve FI::‘S::ISS ed @ variable\ Energy-based
(e.g., PixelCNN)_/ (e.g., RealNVP) models models

Implicit models Prescribed models

What we study now: (e.g., GANS) (e.g., VAEs)
* Linear Dynamical Systems




Hidden Markov Models (HMMs)

HMMSs and Linear Dynamical Systems

Hidden state Z; and observation X; are
discrete random variables

State transition and emission probabilities
are categorical

Linear Dynamical Systems (LDSs)

Hidden state Z; and observation X; are
continuous random vectors

State transition and emission probabilities
are Gaussian
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Linear Dynamical Systems (LDSs)

......

Hidden state Z; and observation Y; are
continuous random vectors
State transition and emission are Gaussian

Model Parameters: d: state dimension

0 == (my,29,4,0Q,C,R) || D: output dimension

* Initial Distribution:

p(ZO) — N(T’:O'ZO)

e State Transition:

p(Zi | zi—1) = N(Az:_41,0Q)

e State Emission:

SO € Rdxd
Sy >0

C € ]RDXd

Q>0

RERDXD
R>0

We assume wy, v, are
independent from each other
and independent from z,

p(X: | z;) = N (Cz, R)
_ Probabilistic Description Algebraic Description

State Transition p(Zi | zi—1) = N(Az;_1, Q)
State Emission p(Xe |l z¢) = N(Cz, R)

Xt — CZt + V¢ with Ve ~ N(O, R)

Zt = AZt—l + W¢ with We ~ N(O, Q)




Filtering and Smoothing

* P1: Filtering. Given 8 and (xy, ..., X¢), infer the current state z;, that is to compute
pe(z¢ | xo, v\ X¢)

e e.g., what is the current state of the missile given its position over some past time?

* P2: Smoothing. Given 8 and (xy, ..., X7), infer the past state z;, that is to compute
po(z¢ | xg, .o, X7)

* e.g., where did the missile originate given we observed it over some time?

* Remark. You may find P1 and P2 familiar
* In HMMs, we solved them via recursively updating a;(t), y;(t)



Background

» Before solving the filtering and smoothing problem, we will study (review) some
basic properties about LDSs and Gaussian variables



Law of Total Expectation and of Total Variance

* We will heavily use the following basic results:

e Law of Total Expectation (LoTE)

Ela] = Ep|Eq[a | b]]

e Law of Total Covariance (LoTC)

Cov(a) = E|[Cov(a | b)] + Cov(E[a | b])

Cov(a, b) = E[(a — E[a])(b — E[b])"]
Cov(a) = Cov(a, a)




Basic Properties 5, € RO

So >0

Linear Dynamical Systems (LDSs) * Hidden state Z; and observation Y; are

,,,,,, continuous random vectors A € Réxd

e State transition and emission are Gaussian || C € RP*4

@ ...... Model Parameters: d: state dimension 0 € R9xd
e 0 :=(my,2y,A,0Q0,C,R) || D: output dimension 0 >0

RERDXD
R>0

* Equivalent Descriptions:

_ Probabilistic Description Algebraic Description

State Transition p(Ze |l ze—1) = N(Az4-1,Q) Zy = Az q + we with wye ~ NV (0, Q)
State Emission p(X: 1 z;) =N(Cz:, R) X¢ = Cz; + vy with vy ~ NV (0, R)

* We assume w¢, v; are independent from each other and independent from z,



Basic Properties 5, € RO

So >0

Linear Dynamical System

s (LD
. . @ « State transition and emission are Gaussian || C € RP*4
@ ...... Model Parameters: d: state dimension 0 € R9xd
e 0 :=(my,2y,A,0Q0,C,R) || D: output dimension 0 >0

RERDXD
R>0

* Hidden state Z; and observation Y; are
continuous random vectors A € RA%d

e Joint distribution is Gaussian:

Gaussian

Do (Xg, <) XT) Zgy weny Z7) =

P (X | Zt)J t= 190(215 | Z¢—4)

* Therefore, “any conditional distribution” is Gaussian
* Vague, but look at your question 1 of homework 1 (next page)



Gaussian Conditioning (HW 1)

a
o If [b] ~ ]\f( ] [Z be]) then the conditional distribution p(a | b) is

Gaussian with mean p,;, and covariance X, given by

Hap = Ug T Zabngl(b — Up)

/ N

original mean & variance of a correction upon observing b

N\ /
z:a|b = Xgq — 2:abzbb Lpa



Gaussian Combining (Extension of Problem 1b, HW 1)

Gaussian Combining fx =Cz+vwithz~N(u,Z,)andv ~N(0,Z,) then

(&l e, eneren)
Cuzl’lcx, Cx,C7+73,

* Proof: The proof is finished by computing the following quantities:
Elx] = E[Cz 4+ v] = CE|z] + 0 = Cu,

*» Cov(z,x) = E[(z — p,)(x — Cu) "] = E[(z — pu)(Cz+ v — Cu,) '] = 2,C7

* Cov(x) = E[(x — Cu,)(x — Cu,) ' = E[(Cz+v —Cu)(Cz+v—Cuy)']
= E[C(z — u,)(z — .uz)TCT +C(z — ;uz)v-r +v(z — .uz)TCT + UUT]
=C-El[z-pu,)z—u,)']-C"+0+0+R=CZ,C" +R



Filtering and Smoothing

* P1: Filtering. Given 0 and (xg, ..., X;), compute
Po (Zt | X0, ...,Xt)
* P2: Smoothing. Given 8 and (x,, ..., X7), compute

Po(z¢ | Xo, .., X1)

* Since pg(z; | xo, ..., x¢) is Gaussian (Vs, t), it suffices to compute

ZAs|t = Elzs | xo, ..., X¢]

AN\

Yot = IE[(ZS Zs|t)(ZS ZS|t) ‘xo,.. xt] = Cov(z, | xq, ..., X¢)

* We will do so recursively (first for filtering and then for smoothing



Filtering: Compute Zgo, Zo|0 ot = Elzs | 30,

Ssi¢ = Cov(zs | xq, ..., X¢)

* P1: Filtering. Given 6 and (xg, ..., X;), compute
Po(Z¢ | X, vy Xt)

* Let’s begin with the simplest case:
* What are the mean 7o = E|z, | x¢] and covariance 20|0 = Cov(zg | xg) of zy given x?

* High-level Idea.

Z
1. find the mean and covariance of [x((),] via Gaussian combining

2. find the mean Z;|o and covariance X of zy | x( via Gaussian conditioning

Halp = Uq T z:abzl;bl(b — Up), Zalp = 2qaq — z:abzlgblzba



Filtering: Compute Zgo, Zo|0 ot = Elzs | 30,

Xgi¢ = Cov(zg | xq, ..., X¢)

* Step 1: find the mean and covariance of [xO] p(Zy) = N (7o, o)

p(X; | z:) = N(Cz, R)

Gaussian Combining: If x = Cz + v withz ~ N (u, X;) and v ~ N'(0,Z,) then

> CT
(Gl s cndres)
X uzl’1cx, Cx,CT+%,

* Applying Gaussian combining yields

)
ol ~ ( ) czz(:)o cz:fg(;w +R )



Filtering: Compute Zgo, Zo|0 ot = Elzs | 30,

Ssi¢ = Cov(zs | xq, ..., X¢)

* Step 2: apply Gaussian conditioning to [

xO] %oCT )

( Cﬂo] [CZO CZoCT +R

Halp = Uag T ZabZI;b (b — up), z:a|b = YLga — ZabZpb z:ba

* We have
Zojo = E[zo | xo] = 1o +ZoCT(CZ,CT + R) ™ (xg — Cry)

Soj0 = Cov(zy | x9) =2 —ZoCT(CZ,CT + R)™ICE,



Filtering: From O to t

* P1: Filtering. Given 68 and (x,, ..

., X¢), compute
Po(Z¢ | X, vy Xt)

Zgje = Elz | X, ., %]
2 = Cov(zs | xg, e, X¢)

* We've now computed Z;,, and 20|0. This solves P1 for thecaset = 0

* To proceed, we will update Z;_;;_1, Z;_q1)¢—1 into Z ¢, ;) fOr every t

The planned computational flow

Zolo  Zoj1  Zoj2  Zo|3

Z110  Z1)1 212 Z1)3

N

Zoyjo  Z2;1 Zziz 4213

N

Z3l0  Z3|1  Z3)2 Z3|3




Filtering: From O to t Zote 1= BlZs | %or o]

Xgi¢ = Cov(zg | xq, ..., X¢)

* To compute Zy|o and 20|0; we
* (Step 0) found the mean and covariance of z, (already known)

Z
* (Step 1) found the mean and covariance of [X(())] via Gaussian combining

* (Step 2) found the mean and covariance of zy | xg via Gaussian conditioning

Question: How can we generalize these steps for general t?

* To update Z;_qj;—1, Zt—1|t—1 INtO Z4 )¢, 24y, We will condition on x, ..., x;_; and
* (Step 0) find the mean and covariance of z; | X, ..., x¢—1 (USINg Z,—1r—1, Z¢—1]—1)
: : Zt : : .
* (Step 1) find the mean and covariance of [Xt] | g, ..., X¢—qVvia Gaussian combining

* (Step 2) find the mean and covariance of z; | x¢, xg, ..., x;_qVvia Gaussian conditioning

Step 0 and conditioning on Xy, ..., x;_q are the only differences
* You should be able to figure out all the details without looking at the rest slides




Filtering: Compute Z¢ ¢, ¢t e = Blzs | o]

Xgi¢ = Cov(zg | xq, ..., X¢)

* Step O: find the mean and covariance of z;|xg, ..., X;_4

P(Ze | ze—q) = N (Az;_4,Q)

» By definition, this is to compute Z;/;_1, Z¢¢—1

 \We have

Zt|t—1 — Elz; | xg, oo, x¢—1] = E[Aze_q + e | X, oo, Xpq1] = AZr 1)1

2t|t—1 = [E [(Zt — ZAtlt—l)(Zt — ZAt|t—1)T‘x0: "-'xt—ll = = Ait—1|t—1f4T + 0

T

similar to how we computed Cov(x) in
the proof of Gaussian combining



Filtering: Compute Z¢ ¢, ¢t ot = Elzs | 30,

Ssi¢ = Cov(zs | xq, ..., X¢)

: : Zt 5 5
* Step 1: find the mean and covariance of [ ] |X0, oor) Xp_1 Zeje-1 = AZg_qje—
Xt Zpje—1 = AZi_q)i1 AT +Q

Zo|—1 = Ty, Lg|—1 = o

Zy .
xo] and obtained

. [ZO] N Zo|-1 20|—1 20|—1CT
X0 CZAO|—1 , C20|—1 Ci()l—lCT + R

* We applied Gaussian combining to [

. : : . Zt :
* Similarly, now, applying Gaussian combining to [x ] |xg, ..., X¢_1 giVES:
t

Z Zip A s 4CT
. [xt] X, o) Xp—1 NN([Cflt 1 ]’[ flt 1 A t|t 1T D
t Ztit-1] [CLgjp—1  CZge—1C" + R



Filtering: Compute Z¢ ¢, ¢t ot = Elzs | 30,

Ssi¢ = Cov(zs | xq, ..., X¢)

* Step 2: apply Gaussian conditioning to X ] | Xg, e Xp_1 Zeje-1 = AZp—1)t—1 _
-t Zejp-1 = AZpqe14° +Q

Zo|—1 = Ty, Lg|—1 = o

Z
* We applied Gaussian conditioning to [X((;] and obtained:
A A a a -1 .
Zolo = ZO|—1 + Z()l—lCT(CZ()l—lCT ~+ R) (XO — CZOl—l)
A A~ A~ A~ -1 A
Zolo — Zol_l — ZO|—1CT(CZO|—1CT + R) CZOl—l

Zt

e Similarly, now, applying Gaussian conditioning to [x ] | X9, ..., X¢—1 8ives:
t

\ , a - ~1 )
Ze|t = Zgjt—1 T Ztlt—lcT(CZtlt—lci +R) (% — CZ2¢e-1)

A~ A~ A~ A -1 -
Lt = Lt|t—1 _Ft|t—1CT(CZt|t—1CT + R) CLit—1
1

“Kalman gain matrix”. Let us denote it by K;




Summary: Filtering for LDSs | =l o xd ] p) = Nawo 2o

25|t = Cov(z | x¢g, ..., X¢)

* Putting everything together gives Kalman Filter:

* Initialization: Zy|_; = 7y, 20|_1 = X
* Recursion (Vt =0, ..., T):
“Correction”:
_$ TS T -1
K. = Zt-1CT(CE-1CT + R)
ZAt|t = ZAt|t—1 + K (xe — CZAt|t—1)
Zt|t — Zt|t—1 - KtCZt|t—1
“Prediction”:
ZAt+1|t — AZAt|t

2t+1|t = Aitw‘lT + 0

p(X; | z:) = N(Cz, R)

How To Derive Kalman Filter

P(Ze—1 | X, eees Xp—1)

Prediction

v
p(Zt | xo, ""xt—l) ...................

vGaussian Combining

P(Ze, X | Xy wony Xe—1) §C0rrection

vGaussian Conditioning

p(Zt | xo’ ""xt_l’xt)< ........... E

Computational Trajectory of Kalman Filter

Z(\)Ll()

Z10>%111  Z1)2 Z1)3

Zolx  “Zol2  “Zo|3

Zyl0 22|17 >Z2)2 223

Z3l0  Z3]1  Z3|27>Z43|3




From Filtering to Smoothing Zoge = Bl | %o, - ]

Zgi¢ = Cov(zg | xq, ..., X¢)

* P1: Filtering. Given 8 and (xy, ..., X¢), compute
Po(ze | Xo, .or) X¢)
* P2: Smoothing. Given 8 and (xg, ..., Xx7), compute
Po(z¢ | xg, ..., X1)

* Since everything is Gaussian, to solve P2 it suffices to compute Z;r, f”T forallt

What Kalman Filter gives us: What we will do to solve P2:
ZAOIO ZAO|1 20|2 20|3 ZAOIO ZAO|1 ZAO|2 ZA(313
Z0—>Z11 Z12 213 Z0—>Z11 212 2}\|3
ZAZ|0 ZAZ|1_>ZAZ|2 ZAZ|3 ZAz|o ZAZ|1_>ZAZ|2 ZA%\I3
ZA3|0 ZAg|1 ZA3|2—>ZA3|3 ZA3|0 ZAg|1 23|2—>23|3

Goal: Given Zg¢, Z¢jr and Zgjs—q, Ztt—1 for every t, update Zy 7, 27 into Zi_q|1, Zi—q)7




SmOOthlng Zst = Elzs | xg, v, X¢]

Ssi¢ = Cov(zs | X, ..., X¢)

Goal: Given Zg|¢, Z¢jr and Zgjp—q, Z¢c—1 for every t, update Zy 7, 27 into Zi_q|1, Ze—q)7

e Observation:

* Since z;_q is independent of x;, ... xT given z;, we have
Po(Zt-1 | Zt, X0, o) Xp—1) = Po(Ze-1 | Z¢, X0, o, XT)

* High-level Idea:

1. Compute pg(z¢—1 | Z¢, xg, ..., X¢—1) Via Gaussian combining and Gaussian conditioning
e This gives us pg(z¢—1 | z¢, xg, .oy XT)

2. Givenpg(zi—1 | z¢, X0, ..., XT), UPdate Zyr, ftw into Z;_q7, ft_1|T via LoTE and LoTC



S m OOt h I n g P(Z | zg—1) = N (Az_4, Q)

* Step 1: Compute pg(Zs—1 | Z¢, X,y woey Xe—1)

25|t = IE[ZS | X0 - xt]
21t = Cov(zs | xq, ..., X¢)

>.C"
MR B i )
X ul’1cx, Ccx,CT+3x,

Gaussian Conditioning: tgp = Ug + >ap2pn (b — Up), Zalb = Zaa

Gaussian Combining: If x = Cz + v withz ~ N (u,, X,;) and v ~ N'(0,Z,) then

T Z:abzlyl}zba

* Step 1.1: Applying Gaussian combining to Zt ] | xq, ..., X¢_1 gives:

[Zt 1]| Z¢_ 1t—1 Zt 1|t—1 Zt—1|t—1A
o e Ztjt-1 | [ASeq)e—1 Stie-1

)

2t|t—1 = 1‘12t—1|t—11‘1T + 0

* Step 1.2: From Gaussian conditioning we see z;_1 | z¢, X, ..., X¢—1 has distribution:

N(ZAt—1|t—1 + Le—1(z¢ — ZAt|t—1):2t—1|t—1 - Lt—1A2t—1|t—1)

— AN TA—l
Le—q = Zp1je-14 Zgji—q

Remark. Note that Lt—1A2t—1|t—1 = Lt—12t|t—1LI—1i so the covariance 2t—1|t—1 — Lt—1A2t—1|t—1 is symmetric




Smoothing

 We have obtained

Leoq = Zp—qje-14" Z¢j-1

Zsie = E[zs | X0, .., X¢]

Xgie = Cov(zg | xq, ..., X¢)

Po(Zt—1 | Z¢, X9, -, XT) = N(ZAt—1|t—1 + Lt—l(Zt - ZAtlt—l):it—1|t—1 — Lt—12t|t—1l‘-{—1)

* Step 2: update Z;r, f“T into Z;_qr, 2t—1|T via LoTE and LoTC

Ze—r = Elzg—1lx0, ..., x7]

E,,|E,,_, [2t-1 | Z¢, %0, ., x7]]

= Bz, |Ze-1t-1 + Le—1(2e = Z¢je-1) | X0, oo X7

= Z¢_q)t—1 T Lt—l(ZAt|T - ZAt|t—1)
Seo1yr = Cov(ze—q | Xg, .o, x7) = E[Cov(Z¢—q | 2, Xg, ..., x7)] + COV(E[2—1 | Z¢, X0, .., XT])

= E|Z_1¢-1 — Lt—12¢¢—1L{ 1] + Cov (ZAt—1|t—1 + Le—1(z¢ — 2t|t—1))

=St qje-1 = Le—1Zge—1Li1 + Cov(Ze—qje—1 + Le—1(2¢ — Z¢je—1) %05 -ovr X7)

=Spoqpe-1 + Leo1 Coyr — gpe—1) L1




Summary: Smoothing for LDSs

* Goal. Given 0 and (x,, ..., X7), compute

* Algorithm (known as “Rauch-Tung-Striebel smoother”).
1.

Po(z¢ | Xo, .., X1)

Zsie = E[zs | X0, .., X¢]

Xgie = Cov(zg | xq, ..., X¢)

(Forward Pass) Run Kalman filtering to compute Z¢, fqt and Z¢ 4 q¢, 2t+1|t forallt

(Backward Pass) Fort =T, ..., 1, compute the following:
* Lioq = Sp_q)e-1A47 g1

® Zt T = Zg—q|t-1 T Lt—l(Zt|T - Zt|t—1)

* 2t—1|T = 2t—1|zr—1 + Lt—1(2t|T — 2t|t—1)L-{—1

Remark: L;_; might also be computed in the forward pass

Computational Trajectory of Smoothing:

Zo|l1  Zo|2 Zo|3

Zy11—>22|2 22

Z3|1  Z3|127>Z3]3




State Estimation and Learning

* Now that we’ve studied algorithms for filtering and smoothing, we are prepared
to perform more complicated tasks

* State Estimation (“Decoding”). Given 8 and (xg, ..., X7), solve:

argmax pg (zg, -, Z7 | Xg, o) X7)
Z0, LT

* Learning. Given N observations {x(")}zzl, find best G

max [T, pe (x™)



State Estimation Zote = Elz|x, -, %]

2s|t i= Cov(zs|xg, .., X¢)

* State Estimation. Given 8 and (xq, ..., Xx1), solve:

argmax pg (2o, ..., Z7|xg, .., XT)
Z0g,-ZT

e Solution:
* Since pg(zy, ..., Z7|xg, ..., X7 ) is Gaussian, the optimal solution to state estimation is

| [Elzo | %o, )] [Zorr
e |2 1o | = B 30| 2
| Lz7 ] Vo AE[zr T xo, s xr]] |27 1]

* Therefore, the state estimation problem can be solved by smoothing

* Similarly, we can prove the output Z;; of the Kalman filter solves max py (z; | xg, v\ Xt)
Zt



I_ea rn | n g Model Parameters:

Linear Dynamical Systems (LDSs) e 0 :=(my,29,4,0,C,R)

* Learning. Given N observations {x(")}i’:l, find best 0:

max [T, pe (x™)

* We can perform learning via the EM algorithm
 derivations are algebraically involved and are given at the end of the slides.



Possible Extensions of Li

near Dynamical Systems

Linear Dynamical Systems (LDSs)

How To Derive Kalman Filter
P(Ze—1 | X0, eves Xp—1)
Prediction

v
p(Zt | Xo, ---rxt—l) ...................

vGaussian Combining

we do not have Gaussians?
we have time-varying dynamics?
b Zt = AtZt—l + th Xt = CtZt + vt

we have control over states?
b Zt = AZt—l + th + Wt

we have nonlinear dynamics?
* Zy = f(Ze—1) Y wi, Xe =g(20) + v,

p(Ze, Xt | Xy i) Xe—1) : Correction

lGaussian Conditioning

p(Zt | xo, ""xt_l’xt)< ----------- E

Zy|n 22112222 223

Z112 Zz)1 Z3]27>Z3|3
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Taxonomy of Generative Models

_ What we’ve learned:
What we’ve learned: Deep Generative Models « PPCA
e Markov Models, HMMs, LDSs ‘ /° VAE
Autc:;i%reelzslve FI::‘S::ISS ed @ variable\ Energy-based
(e.g., PixelCNN)_/ (e.g., RealNVP) models models

Implicit models Prescribed models

What we study now: (e.g., GANS) (e.g., VAES)
* Application to Video Generation:

Dynamic Textures




Motivation: Dynamic Textures

* Dynamic textures are videos of nonrigid deformable objects such as water, fire,
smoke, flags moving with the wind, etc.




Dynamic Texture Model

* Avideo is a sequence of T images {I; € RP}._,, where D is the number of pixels.
* Suppose at each time instant we observe a noisy version of the image

Xt —_ It + Ut
where v; ~ N (0, Q) is an i.i.d. sequence Gaussian noise.

* Suppose each image I; is generated via a latent representation z; as follows:

It — CO‘I‘CZt

 If Q = 02l and z,~"*% N (0,1,), then x, = C, + Cz; + v, is a PPCA model,

* Cy is the mean image/average video frame and C; is the ith principal direction/eigenimage.

* However, this is not a good model for video because all frames are i.i.d.



Dynamic Texture Model

* To capture the temporal evolution of a video, instead of assuming z; i.i.d., we
assume that z; is a linear autoregressive model z;,; = Az; + wy.

* We say the video sequence {x; € RP}!_, is a linear dynamic texture if

Zey1 = Az + Wy
xt — C0+CZt+vt
where

* D is the number of pixels and T is the number of frames

* Z4 € R? is the hidden state, d is its dimension, and Zo is the initial state

* we ~ N (0, Q) is the state noise, i.i.d. sequence, assumed to be independent from z;

* vy ~ N (0,R) is the output noise, i.i.d. sequence, assumed to be independent from z;

e AER**? C,eRP, CeRP*4, 0 € R**% and R € RP *P are the model parameters



Dynamic Textures

(Soatto ICCV 01, Doretto JCV 03) “or 191 nal Synthe sized

APPEARANCE DYNAMICS




Learning Dynamic Textures

e Let {x;};=0 7, x; € RP be an observed video sequence. Our goal is to learn the
model parameters 8 = {4, C,, C, Q, R}, a.k.a. the system identification problem.

* One method we have learned is Maximum Likelihood Estimation (using EM)
* Given xg, ..., XT, solve

A

A,Cy, C,0,R = argmax logp(xg, ..., X7)
A,Co,C,Q,R

* subject to N
Zpp1 =Aze+w, t=0,...,T—1, w~"**N(0,0) t=0,..,T

x,=Cy+Czp+v, t=0,.,T, v~""%N(OR) t=0,..T

* However, doing so is complicated and there is a simple approximate solution



Approximate Solutions (Cyp)

e Let {x;};=0 7, x; € RP be an observed video sequence. Our goal is to learn the
model parameters 8 = {4, C,, C, Q, R}, a.k.a. the system identification problem.

* One method we have learned is Maximum Likelihood Estimation (using EM)
* Given xg, ..., XT, solve

A,C‘O, C, Q, R = argmax logp(xg, ..., XT)
A,Co,C,Q,R
* subject to N
Zep1 =Aze+w, t=0,...,T—1, w~"4N(0,0) t=0,..,T

x,=Cy+Czp+v, t=0,.,T, v~"*%N(OR) t=0,..T

if E[z5] = 0, then E|z;] = Oforallt
IE[xt] — CO + C]E[Zt] + IE[Ut] = CO'

: . A 1
* SO we can estimate C as the mean video Cy = ;th

subtract the mean from each frame (x; < x; — Cy) and we obtain a different LDS



Reformulation without C

* For our given process {z,}, z; € R%, guided by
Zty1 = AZt + Wt Wt""N(O, Q) Z(O) = Z
xe = Czy + v¢ vy ~N(0,R)

with initial condition z(0) = z,, positive definite matrices R and Q.

* We seek the estimate parameters 4 € R%*4,C € RP*P, 0 € §4%*4 R € §P*P
from the given samples x4, ..., x; that maximizes the log-likelihood

A AN P

Ar, Cr, Or,Rr,= argmaxlogp(x,, ..., X7)
A,C,Q,R



Approximate Solutions (C and Z,.7)

+ Let Xo.r = [xg, ..., X7] € R, 7,0 = [z, .., 27] € RV with T + 1 >
d, W, = [Wo, .., wr] € REXT+D

 Our assumption D > d,rank(C) = d and C' C = I, allows us to rewrite the
output equation as

Xog = CZyr +Wy.r;  CE€ RP*% CTC =14

* We can estimate C and Z,.; via solving

A A 2
CT' ZO:T — argminc,ZO:T“Xo:T — CZO:T”F SUbj@Ct to CTC — Id

* The solution can be found using SVD. Let Xy. = UZV'T, then
CA'T —_ U ZO:T — ZVT

* This solution is very close to learning a PPCA model for Yj.7.



Approximate Solutions (4, Q, R)

* We can estimate A by the following

AT = argminy “21:T — AZAO:T—l”F = ZAl:TZAir:T(ZAO:TZA(-I)_:T)_l

* We can estimate the state and output covariances via

t=0 WtWt

Qr == Ry =~

where w;, =y, — CrZ;and Uy = 2,1 — ArpZ;.



Approximate Solution: Pseudocode

* Therefore, everything can be computed

in succession and in closed-form

* In the original work, the algorithm is
implemented in fewer than 20 lines

function [x0, Ymean,Ahat,Bhat,Chat] = dytex(Y,n,nv)

% Suboptimal Learning of Dynamic Textures;
% (c¢) UCLA, March 2001.

tau = size(Y,2); Ymean = mean(V¥,2);

[U,S8,V] = svd(Y-Ymean*ones (1,tau),0);
Chat=U(:,1l:n); Xhat = S{l:n,1l:n})*V{(:,1l:n)’;
x0=Xhat(:,1);

Ahat = Xhat(:,2:tau)*pinv(Xhat(:,1: (tau-1)));
Vhat = Xhat(:,2:tau)-Ahat*Xhat(:,1: (tau-1));
[Uv,Sv,Vv] = svd(Vhat,0);

Bhat = Uv(:,l:nv)*Sv(l:nv,l:nv)/sgrt(tau-1);

function [I] = synth(x0,Ymean,Ahat, Bhat,Chat, tau)

% Synthesis of Dynamic Textures;
% (c) UCLA, March 2001.

n,nv] = size(Bhat);

X(:,1) = x0;

for t = 1l:tau,
X(:,t+1l) = Ahat*X(:,t)+Bhat*randn(k,1l};
I(:,t) = Chat*X(:,t)+Ymean;

end;



Experimental Results

* By learning the parameters using a The synthesized image
finite number of sequence. Our system \
can then help us synthesize infinite
sequences

Starting Image I(0)

The finite spiraling—water

input texture sequence

.. the original source '

Infinite sequence



Experimental Results

* Top: The original sequence of

water waves ---.----
number of images in your
better at reconstructing the — — R R N R RN =

original sequence with your EEEEEEREEE
system {1 O O O

* Right: extrapolation error Fl
reduces as number of time o
steps increases

Figure 3. River. From top to bottom: Samples of the original sequence, corresponding samples of the compressed sequence (compression
ratio: 2.53), samples of extrapolated sequence (using n = 50 components, T = 120, m = 170 x 115), compression error as a function of the
dimension of the state space n, and extrapolation error as a function of the length of the training set t. The data set used comes from the MIT
Temporal Texture database.



https://www.youtube.com/watch?v=bXHpOodkUvO

XNVIZIGht (€) UCLA, G. Doretro and s, soatto, 2002

. =l

N scale
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Appendix (Optional)

* In the subsequent slides, we derive EM for learning the parameters of LDSs.



I_ea rn | n g Model Parameters:

Linear Dynamical Systems (LDSs) e 0 :=(my,29,4,0,C,R)

* Learning. Given N observations {x(")}i’:l, find best 0:

max [T, pe (x™)

* We can perform learning via the EM algorithm
 derivations are algebraically involved and are given at the end of the slides.



Learning (Review Lecture 2)

o N exp(-3ZN, G-I i)
* The likelihood [ [;2, pg (x;) = =T = is maximized at
(2m) 2 det(2)2

y ¥ Iiv=1 (xi T 'u*)(xl — ‘u*)T empirical covariance
— <€
)
N

N
Zi=1xi

N

empirical mean

* How did we obtain u* and X*?

* Step 0: Rewrite the objective

* maximizing log-likelihood is minimizing NlogdetX + YN (x; — ) "= 1 (x; — p)
* Step 1: Set the derivative w.r.t. u to 0

* solving it gives u*

* Step 2: Substitute 4 = u* into the objective, and set the derivative w.r.t. ™1 to 0
m -logdetX + tr(SX~1) is minimized at ¥ = S/m



Model Parameters:

Learning

Linear Dynamical Systems (LDSs)

e O := (no,ZO,A,Q,C,R)

* Learning. Given N observations {x(")}i’:l, find best 0:

max [17-1 pe (™)

6

* We are going to apply the EM algorithm (iteration: k):

M-step:

E-step:
qk(zlx(n)) — pek(z |x(n))

N
gk+1 — argmaxXgo Z IEZqu(le(n))[log Po (x(n),z)]

n=1




. Model Parameters:
Guessing © 6 = (0,50, 4, 0, C, R)
E-step: M-step:
q"(z|x™) = pyi(z |x™) 0"+ = argmaxg Xy-1 E,_k(; ) [log pe (x™, )|
p(Zy) = N (19, 2Zp) p(Z|ze—1) = N(Az,—1,Q) p(Ytlz,) = N(Cz, R)

* Let us exercise our intuition and guess a solution to the M-step...
* Since Ty = E[z,], we guess... :

E, g (21220l
n—g‘"l — 2 z~q"(z|x™) <——— “empirical mean”

N

n=1

* And we guess the covariance should be

N

N

2t = z (EQk(Z|x(n))[ZO] _ 7'[6”1) (Ez~qk(zlx(n))[Zo] — 7T§+1)T

n=1

N N

“empirical covariance”

* Try having a guess for A**1 QK+l ck+1 Rk+1 yourself...




E-step (iteration: k)

ZAS|t = ]E[Zsl'xOr ---rxt]
2t = Cov(zg|xg, -, X¢)

E-step:
q*(z|x™) = pgr(z Ix\™)

M-step:

9k+1

= argmaxg Zg=1 [Ez~qk(z|x(n)) [lOg Po (x(n)’ Z)]

* In E-step, we will need to compute the expectation IEZ~qk(z|x(")) [-].

e “It turns out that” ...... we only need to compute the following expectations:

(n)
IIE‘:k
(n)
IIE‘:k
(n)
IIE‘:k

Zi| = IEZqu(Z|x(n))[Zt]

:ZtZ;] = IEZqu(le(n))[thtT]

T

_ . -
ZeZpq] = [EZqu(Z|x(n))[ZtZt—1]

* later you will see why...



E-step (iteration: k)

E-step:
q*(z|x™) = pgr(z Ix\™)

Zs)t = Elzs|xg, ..., x¢]

2s|t i= Cov(zs|xg, .., X¢)

M-step:

9k+1

— argmaxg T B, « o [l0gpo(x, 2)]
q" (z|x™)

IEl(cn) :Zt] = IEZqu(le(n))[Zt]

IEfcn) :ZtZtT] = IEZqu(Z|x(n))[ZtZ£r]

IEfcn) (2,20 1] = Ez~qk(z|x(n))[2t2;r—1]

* These expectations can all be computed via smoothing using 8% and x (M
* To see this, dropping indices k, n for clarity, we have

Elz¢|x] = Elz¢|xq, ..., x7] = Zt|T

E[z.z! |x] = Cov(z{|xg, ..., x7) + E[z¢|x0, ..., x71E[2{ |x0, ..., X 7]

— S oy /\T
= X1 t Ze|TZ¢|T

T _s T s AT
Elz;z_q|x] = Lyrli—1 + ZgrZeq)T

homework

L1 =2 qjt-14" 241




I\/l _Ste p ( |te rath Nn: k) p(zﬁgi)z)::]\]fv(a’;fi 0 Model Parameters:

e 6 :=(my,%0,4,0,C,R)
p(X¢|ze) = N(Cz, R) 2

MW, 1 .—
Ek _Zt] " IIEz~qk(z|x(n))[zt] 6k+1

= argmaxg Zg:l IEZqu(le(n)) [log Do (x(n), Z)]

IE,(C") 2,24 | = E,qk(z12m) (22 ]

E;((n) :thtzr—ﬂ = Ez~qk(z|x(n))[ZtZtT—1]

* Observation. In the joint log-likelihood
_ T T
Po(Xo, s X1, Z0s s Z7) = Po(Z0) [e=0 Po (x¢|2) [1=1 Do (2¢12:-1),
* TTg, Lo Only appear in pg(zg)
» A, Q only appear in [T{=1 po (z¢|2¢—1)
* C,R only appear in [I{=o pg (x¢|2;)

* So the objective of the M-step is separable (as in HMMs), this gives ... (next page)



I\/l _Ste p ( |te rath Nn: k) p(Zﬁgffz)::]\][\[(?Ao’foi 0 Model Parameters:

e 0= (1y,%0,4,0,C,R
b (X,l20) = N (Cze, R) 0 2o )

]El(cn) [Zt] = ]EZ’qu(le(n)) [Zt]

k+1
IEfcn) [ZtZtT] = ]Ez~qk(z|x(n))[ztzgr] o

= argmaxg Z;Ll IEZqu(le(n)) [log Peo (x(n)’ Z)]

IEgcn) (2,2, _{] = IEz~qk(Z|x(n))[ZtZtT_1]

* We can therefore decompose M-step into 3 optimization problems (as in HMMs):
M-step (g, Zp):
(1, 286%) = argmaxg Y-y E,qk(z12) 108 Pg (20)]

M-step (C, R):
(C**+1, R+ = argmaxg XN_1 E,_gi(yppmy | Zi=ologpe (x07|2¢)|

M-step (4, Q):
(Ak+1, Qk+1) — dargmaxg Zg=1 Ez~qk(z|x(n)) [ZZ=1 log pg(z¢|z¢—1)]

* We will address them one by one next



M-step (mq, 2)

* Since py(zy) is Gaussian, we have:

p(Zo) = N (%) B z] =

k
(g

+1 vk
)ZO

+1y _ N
) = argmaxg Yn=1 Ez~qk(z|x("))

logpe(20)]

logpg(zo) x —logdet X, — (2o — my) "2y " (29 — 7o)

* And now we get this:

A 4

(mf+t, 2E+Y) = argming Nlogdet 2, + XN_, IEz~qk(zlx(n))[(20 — 1) "Zg (20 — )]




M-ste P (T[O ) ZO ) By [26] = By gr(gatm) 2]

]E(n) [ZtZt ] — Ez~qk(z|x(n)) [ZtZt-'r]

IE(n) [z,z]_{] = Ez~qk(z|x(n))[ZtZ;r—1]

(m&+, 281 = argming N logdet X, + XN_; E, g (zxm)L(Z0 = 1) 25" (2o — To)]

use the definitions of IEgcn) [z,] and IEgcn) (2024 |

(m&*, 2f+1) = argming NlogdetZy + Ni g lmg + Y- tr ([Ez(cn) [ZOZOT]E(Tl) — 23N n S5 e (2]

N Use rk*t

* Setting the derivative with respect to Ty to 0 yields nk+

Y

Z§+1 = argming N - logdet X, + Zgzltr (IEl(cn) [ZOZ(-I)_]Zal) — N - tr (7-[6‘+1(n.(l)c+1)'r261)

m - logdetX + tr(SX~1) is minimized at ¥ = S/m
v

(n)
k+1 _ Sn= 1 Eg [Zozo] gkt (k)T
Z N Ty (T[o )




I\/l _Ste p (C) R ) PXilze) = N (€2 R) E(n) 2] = z~qk(z|x(n))[Zt]

(n) T
E, [ZtZt | = Ez~qk(z|x(n))[ztzt |
(C**, R¥*) = argmaxo X1 E,_ge(gjm) [ St-ologpe (xzc)| | | gop,,,r ).

— T

l Pe (xt(n)|zt) is Gaussian

=
(C**1, R**1) = argming N(T + 1) logdetR + Y N_. >T_, IEZthk(de(n)) [(xt(n) — CZt) R~ ( ) CZt)]

luse the definitions of IE,(Cn) |z;] and IE,(Cn) [z,2] ]

-
ming N(T + 1) logdetR + 3N_, 3T_, { ((CIE( Nze271CT + 2V ( ,E")) )R—l — 2x™WE(™ [zt]TCTR‘1>}

» Setting the derivative with respect to C to 0 yields

-1
Ck+t = (TN B o x (™ BV 2] 7) (Bhoy SToo BV 2201

Use ck*1

ming N(T + 1) logdetR + 3N_, 3T_, {tr (xt(") ( t(")) R~ — x™EM [zt]T(ck“)TR-l)}

dtr(CTX) _y m - logdetX + tr(SX~1) is minimized at ¥ = S/m l

0C T T
0t (CTXCY) o r piee1 _ Zhe1 B o X (x™) ekt SN ST B 2] (x()

aCc N(T+1)




I\/l _Ste p (A’ Q ) p(Ze|zi-) = N(Az-1, Q) E(n) 2] = z~qk(z|x(n))[Zt]

IE(n) (2,2 ] = IEZ~qk(z|x(n))[ZtZtT]

(Ak+1, Qk+1) — drgimaxg 211}[:1 ]EZqu(le(n)) [ZZ=1 log po (z¢|zt-1)]

IE(n) [z,z]_{] = [Ez~qk(z|x(n))[ZtZ;r—1]

l po(Z¢|Zi—1) is Gaussian
(Ak+1' Qk+1) = argming NT 10g det Q + ZTI’\LI=1 Z’{=1 [EZ~qk(z|x("))[(Zt — AZt—l)TQ_l(Zt . AZt_l)]

l use the definitions of ]E,((n) |2,z ] and IEgcn) [z,z]_{]

ming NT logdet Q + %N_; ¥T_; {tr ((A (B lzem12/4]) AT + EQV[z27]) Q7 — 2BV [ztth_l]ATQ‘l)}

» Setting the derivative with respect to A4 to 0 yields
N vT M N v -1 Use A¥
AkFl = ( n=12t=1Ep [ZtZtT—1]) (Zn=1 D=1 Ej [Zt—1ZtT—1])
A 4

ming NT logdet Q + X511 Xf=1 {tr (IE,({") 22/ 1Q7" - [E;(Cn) [ZtZtT—1](Ak+1)TQ_1)}

m - logdetX + tr(SX~1) is minimized at ¥ = S/m l

dtr(A'X)
0A
0 tr(ATXAY) Qk+1 _ Tn=12t=0 Eg(n) [zez |-AFTT IN_, B, IE?J” [2e-12{ |
- = XAY + XTAYT = NT




Summary: EM for LDSs (iteration: k)

E-step

Given 0%, for each x(n), use Kalman Filter & Smoothing to compute:
add indices n, k

© Zgt = Elzslxg, .., x¢]

* g = Cov(zs|xg, ..., x¢)
& s—1

* Liq= Zt—1|t—1ATZt|t—1

c B[z = IE:z~qk(ZI3'C("))[Ztlx(n)]
¢ B[22l ] = By g0y 202 12

le

. [El({n) [thir_l] = IEZ~qk(Z|x(n)) [thgr—llx(n)]

M-step
Update parameters:
. 7_[(])(4.1_2%:1['3;(11)[20]
N
. vk+1 _ Xn L Ej [ZOZO] otk T
Tpth =7 N st (gt )

~1
o« (Ck+1 — ( 1Zt Oxtn) IE,((n) [Zt]T)( g=12 [E(n) [ZtZt ])

T
Zn 1 Zt 0 x(n)( gn)) _Ck+1 Zg=1 Zz:=0 ]E’((n) [Zt] (xgn))
N(T+1)

° Rk+1

-1
° Ak+1 = ( g=1 Z’II',":l ]El(cn) [thg_l])( g=1 Z’ll;zl ]E]((n) [Zt—lz;_—l])

Qk+1 — Zg=1 Z?:;o ]El(cn) [thgr]—AkH Zg=1 Z?:;o ]El(cn) [Zt—1Zz;r]
NT

Kalman Filter & Smoothing can compute

« Elz|y] = ZAt|T

* E[zz]|y] = 21:|T + ZAt|TZAtT|T

* Elzez{_41|y] = Lt—12t|T + ZAtlTZA;r—1|T

via forward & backward passes
Zojo  Zon  Zo|2 2913

Z10>%111  Z1)2 A
/

3

@ —

Zy10 221172222 233

7 —

Z3l0  Z3)1  Z3]27>Z3|3

Model Parameters:
e 0 := (ﬂo,ZO,A,Q,C,R)

p(Zy) = N (mp,Zp)
p(Zlze—1) = N(Az,—1,Q)
p(X¢lz,) = N(Cz, R)




