Deep Generative Models
Probabilistic PCA

Fall Semester 2026

René Vidal

Director of the Center for Innovation in Data Engineering and Science (IDEAS),

Rachleff University Professor, University of Pennsylvania
Amazon Scholar & Chief Scientist at NORCE

& Penn



Outline
* Probabilistic PCA: Model

 Joint, Marginal and Conditional Distributions
* PPCA as an Encoder-Decoder Architecture

* Probabilistic PCA: Learning

e Maximum Likelihood Estimation

e Applications
* Application of PPCA to Generating Face Images



Latent Variable Models

e x = observed variable
e 7 = |latent variable

*z~p(z)
x~p(xlz)

A latent variable model and a generative process. Note the low-dimensional
manifold (here 2D) embedded in the high-dimensional space (here 3D)

* Factorization of the joint model
p(x,z) =p(x|z)p(2)
* Marginalization of the model

p(x) = f p(x | 2)p(2)dz



Probabilistic Principal Component Analysis: Model

* We consider continuous random variables only, i.e.,
z € R%and x € RP? withd <« D
e The distribution of z is the standard Gaussian, i.e.,
p(z) =N(z|0,I).

* The dependency between z and x is linear, plus Gaussian additive noise:

x=Wz+b+¢€

* Here £ ~ N (g1 0,02I) and independent from z.



Probabilistic Principal Component Analysis: Model
* PPCA model

x=Wz+b+e€ z~N(z|0I), €~N(e|O0,0°l.

e Since z is Gaussian and € is Gaussian, X is a linear combination of Gaussians.
Therefore, x is Gaussian with density p(x) = N (x | b, WW + ¢2I) because

E[x]
V|x]

E|Wz]| + E[b] + E|le] = WE|z] + b+ 0=0b
VIWz+b+e€] =WV[zIWT +V[e] = WWT + o%I

 x | zis a constant + a Gaussian, thus p(x | 2) = N (x | Wz + b, 6*I) because

Elx | z]| =Wz+ b+ Ele] =Wz+b
Vx| z] = V[e] = o°I



Probabilistic Principal Component Analysis: Model
* PPCAmodel: x =Wz+b+e€ p(z) =N(z]0,1I), p(e) =N(€]| 0,0%I),

p(x1z)=N(x|Wz+b,c°I), p(x) =N(x| bWWT + 0°I)

e Let M = W'W + ¢?I. We can compute the conditional distribution of (z | x) as

p(z]x) = p(x|z)p(z) % o 20_2||x Wz-b||? _—||z||2

p(x)

T T T T 2 1 T . T T _
p(zlx)xe 52 W W22 WT (x-b)+0?l2|I%) & o 2022 Mz=22'W'(x~b))

p(zlx)=N(zIM W' (x—-b),c?°M™1)



PPCA as an Encoder-Decoder Architecture
* PPCAmodel: x =Wz+b+e€ p(z) =N(z]0,1I), p(e) =N(€]| 0,0%I),

p(z|x)=N(Z|M W' (x—b),c?M™ 1) p(x|z) =N(x|Wz+b,o?I)
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Probabilistic Principal Component Analysis: Learning

* Recall the ML estimators of the parameters of a Gaussian N'(x | u, X)

N N
1 1
Uy = NZ X;, Zy= NZ(xi — puy)(x; —py)’
l= 1=

* For PPCA we need to estimate the parameters of a Gaussian with structured
covariance X = WW' + g2I. The estimate of the mean is the same as before u =
iy . To estimate W, we need to maximize the log-likelihood w.r.t. (W, o)

N N
f = —Elog(det(Z)) — Etrace(Z‘lZN)

* Taking derivatives w.r.t. W we get

a6 69T N . . . 1
W agaw = 5 & TETIENET2W =0 = I ITIW =W




Probabilistic Principal Component Analysis: Learning

* We thus need to solve the nonlinear equations
YvEITIW =W and T =WW' + 6?1

* Trivial solution: (W,o) = (0,0) = X = 0, but this is a minimum of the likelihood.

* Another solution is X = X, but this requires the structure of the sample
covariance Xy to match the structure of X = WW?' 4+ 621, i.e., the smallest D —
d eigenvalues need to be equal to 6%, or ¢ = 0 and W needs to be full rank.

* Alternatively, with I'; a diagonal matrix

I, O
W=[Z1 Zz] !

0 0 [V1 Vz]T=Z1F1VI

* Then
>X=WW'" +0%l =2,I'’Z] +0%(Z,Z]{ +Z,Z)) =Z,(T{ +6?DZ] + 0%Z,Z)

> W=Z,X¢+0?°D 2] +07%2,Z))Z,T V] =Z,(? +02D7I,V]



Probabilistic Principal Component Analysis: Learning

* Therefore,
SNETIW =W = 3yZ,(TE + 62 DTN V] = Z,V] =

EvZ (T + 02D =2, = EyZ, =Z, T +0%I) = Zyz; = (v +0?)z;
* In other words, z; is an eigenvector of X, with eigenvalue yl-z + o2,

Ar O
'ThUS, if ZN — [Ul Uz] 01 A ][Ul Uz]T, then Zl — Ull l"12 +O-21 — Al
2

* In other words, U, is a matrix whose d columns correspond to d eigenvectors of X
T T
* Therefore, W = Z,IyV] = U;(A; — ¢?DY/?V]

* Having “almost” found W (we don’t know which d columns), we now turn to
finding o.



Probabilistic Principal Component Analysis: Learning
* Recall the log-likelihood

N N
{ = —?log(det(Z)) — Etrace(z_lzN)

* We haveX = WW' + g2l and W = U, T, V{. Thus, WWT = U,T#U and

X =U,T{+c%2DHU] +0%U,U}=U;AU{ +5%U,U,

Y1y, = (U1A11UT + G‘ZUZUT)(UlAlUT + U,A,U))
= U, U] + 072U,A, U]

 Substituting into the log-likelihood, we get

N N
P = —Elog(det(Al)Gz(D_d)) -5 (d + o~ *trace(A,))



Probabilistic Principal Component Analysis: Learning

0f N (D—d - trace(A,)

* Taking the derivative yields — = — - ) =0= 0% = trace(4,)
do 2 D—-d

* Final piece: we have not shown that A; corresponds to top d eigenvalues of Xy
* Exercise 2.13 in GPCA textbook

g2 g4

* Theorem. The ML estimates for the parameters of the PPCA model b, W, and o
can be obtained from the ML estimates of the mean and covariance of the data,
Uy and Xy, respectively, as

D
1
b = Uy, W = Ul(Al — O'Zl)l/zR and g% = D——d z /11-
i=d+1
* where U, is the matrix with the top d eigenvectors of Xy, A is the matrix with

the corresponding top d eigenvalues, R € R%*? is an arbitrary orthogonal
matrix, and A; is the i-th largest eigenvalue of Xy.



Application of PPCA to Generating Face Images

Fig. 2.2 Face images of subject 20 under 10 different illumination conditions in the extended Yale
B data set. All images are frontal faces cropped to size 192 X 168.



Application of PPCA to Generating Face Images

y
(a) mean face (b) first eigenface (¢) second eigenface

Fig. 2.5 Mean face and the first two eigenfaces by applying PPCA to the ten images in Figure 2.2.



Application of PPCA to Generating Face Images

(b) Variation along the second eigenface

Fig. 2.6 Variation of the face images along the two eigenfaces given by PPCA. Each row plots
p+yufory,=—1:3:1i=12



	Slide 1: Deep Generative Models Probabilistic PCA
	Slide 2: Outline
	Slide 3: Latent Variable Models
	Slide 4: Probabilistic Principal Component Analysis: Model
	Slide 5: Probabilistic Principal Component Analysis: Model
	Slide 6: Probabilistic Principal Component Analysis: Model
	Slide 7: PPCA as an Encoder-Decoder Architecture
	Slide 8: Probabilistic Principal Component Analysis: Learning
	Slide 9: Probabilistic Principal Component Analysis: Learning
	Slide 10: Probabilistic Principal Component Analysis: Learning
	Slide 11: Probabilistic Principal Component Analysis: Learning
	Slide 12: Probabilistic Principal Component Analysis: Learning
	Slide 13: Application of PPCA to Generating Face Images
	Slide 14: Application of PPCA to Generating Face Images
	Slide 15: Application of PPCA to Generating Face Images


  𝒙


  𝒛


  𝒛 ∼ p ( 𝒛 )


  𝒙 ∼ p  ( 𝒙 ∣ 𝒛 )


  p  (  𝒙 , 𝒛 ) = p  ( 𝒙 ∣ 𝒛 ) p ( 𝒛 )


  p  ( 𝒙 ) = ∫  p  ( 𝒙 ∣ 𝒛 ) p  ( 𝒛 ) d 𝒛


  𝒛 ∈  ℝ d


  𝒙 ∈  ℝ D


  d ≪ D


  𝒛


  p ( 𝒛 ) = 𝒩 ( 𝒛 ∣ 𝟎 ,   𝑰 )


  𝒛


  𝒙


  𝒙 = 𝑾 𝒛 + 𝒃 + 𝝐


  𝜺 ∼ 𝒩 ( 𝜺 ∣ 𝟎 ,  𝜎 2 𝑰 )


  𝒛


  𝒙 = 𝑾 𝒛 + 𝒃 + 𝝐 ,           𝒛 ∼ 𝒩 ( 𝒛 ∣ 𝟎 ,   𝑰 ) ,         𝝐 ∼ 𝒩 ( 𝝐 ∣ 𝟎 ,  𝜎 2 𝑰 )  


  𝒛


  𝝐


  𝒙


  𝒙


  p  ( 𝒙 ) = 𝒩 ( 𝒙 ∣ 𝒃 , 𝑾  𝑾 ⊤ +  𝜎 2 𝑰 )


  𝔼  [ 𝒙 ] = 𝔼  [  𝑾 𝒛 ] + 𝔼 [ 𝒃 ] + 𝔼  [ 𝝐 ] = 𝑾 𝔼  [ 𝒛 ] + 𝒃 + 𝟎 = 𝒃


  𝕍  [ 𝒙 ] = 𝕍  [  𝑾 𝒛 + 𝒃 + 𝝐 ] = 𝑾 𝕍 [ 𝒛 ]  𝑾 ⊤ + 𝕍  [ 𝝐 ] = 𝑾  𝑾 ⊤ +  𝜎 2 𝑰


  𝒙 ∣ 𝒛


  p ( 𝒙 ∣ 𝒛 ) = 𝒩 ( 𝒙 ∣ 𝑾 𝒛 + 𝒃 ,  𝜎 2 𝑰 )


  𝔼  [  𝒙 ∣ 𝒛 ] = 𝑾 𝒛 + 𝒃 + 𝔼  [ 𝝐 ] = 𝑾 𝒛 + 𝒃


  𝕍  [  𝒙 ∣ 𝒛 ] = 𝕍  [ 𝝐 ] =  𝜎 2 𝑰


  𝒙 = 𝑾 𝒛 + 𝒃 + 𝝐 ,     p  ( 𝒛 ) = 𝒩  ( 𝒛 ∣  𝟎 ,   𝑰 ) ,     p  ( 𝝐 ) = 𝒩  ( 𝝐 ∣  𝟎 ,  𝜎 2 𝑰 ) ,


  p  ( 𝒙 ∣ 𝒛 ) = 𝒩  ( 𝒙 ∣  𝑾 𝒛 + 𝒃 ,  𝜎 2 𝑰 ) ,     p  ( 𝒙 ) = 𝒩  ( 𝒙 ∣  𝒃 , 𝑾  𝑾 ⊤ +  𝜎 2 𝑰 )


  𝑴 =  𝑾 ⊤ 𝑾 +  𝜎 2 𝑰


   ( 𝒛 ∣ 𝒙 )


  p  ( 𝒛 ∣ 𝒙 ) =   p  ( 𝒙 ∣ 𝒛 ) p  ( 𝒛 )  p  ( 𝒙 ) ∝  e  −    1  2  𝜎 2 | | 𝒙 − 𝑾 𝒛 − 𝒃 |  | 2  e  −    1 2 | | 𝒛 |  | 2


  p  ( 𝒛 ∣ 𝒙 ) ∝  e  −  1  2  𝜎 2  (   𝒛 𝑻  𝑾 𝑻 𝑾 𝒛 −   2 𝒛 ⊤  𝑾 ⊤  (  𝒙 − 𝒃 ) +  𝜎 2 | | 𝒛 |  | 2 )   ∝ e  −  1  2  𝜎 2 (  𝒛 ⊤ 𝑴 𝒛 −   2 𝒛 ⊤  𝑾 ⊤  (  𝒙 − 𝒃 ) )


  p  ( 𝒛 ∣ 𝒙 ) = 𝒩   ( 𝒛 ∣ 𝑴  − 1  𝑾 ⊤  (  𝒙 − 𝒃 ) ,  𝜎 2  𝑴  − 1 )


  𝒙 = 𝑾 𝒛 + 𝒃 + 𝝐 ,     p  ( 𝒛 ) = 𝒩  ( 𝒛 ∣  𝟎 ,   𝑰 ) ,     p  ( 𝝐 ) = 𝒩  ( 𝝐 ∣  𝟎 ,  𝜎 2 𝑰 ) ,


  p ( 𝒛 ∣ 𝒙 ) = 𝒩   ( 𝒛 ∣ 𝑴  − 1  𝑾 ⊤  (  𝒙 − 𝒃 ) ,  𝜎 2  𝑴  − 𝟏 )                       p  (  𝒙   |    𝒛 ) = 𝒩  (  𝒙   |    𝑾 𝒛 + 𝒃 ,  𝜎 2 𝑰 )


  𝒩 ( 𝒙 ∣ 𝝁 ,   𝚺 )


   𝝁 N =    1 N  ∑  i = 1 N   𝒙 i ,      𝚺 N =  1 N  ∑  i = 1 N   (   𝒙 i −  𝝁 N )    (   𝒙 i −  𝝁 N ) ⊤


  𝚺 = 𝑾  𝑾 ⊤ +  𝜎 2 𝑰


  𝝁 =  𝝁 N


  𝑾


  ( 𝑾 ,   𝜎 )


  ℓ = −  N 2 log ⁡ (   det ⁡  ( 𝚺 ) )   −  N 2   trace ⁡   (   𝚺  − 1  𝚺 N )


  𝑾


    𝜕 ℓ  𝜕 𝑾 =   𝜕 ℓ  𝜕 𝚺   𝜕 𝚺  𝜕 𝑾 = −  N 2   ( 𝚺  − 1 −  𝚺  − 1  𝚺 N  𝚺  − 1 ) 2 𝑾 = 0   ⇒    𝚺 N  𝚺  − 1 𝑾 = 𝑾


   𝚺 N  𝚺  − 1 𝑾 = 𝑾


  𝚺 = 𝑾  𝑾 ⊤ +  𝜎 2 𝑰


   (  𝑾 ,   𝜎 ) =  (  𝟎 , 0 ) ⇒ 𝚺 = 𝟎


  𝚺 =  𝚺 N


   𝚺 N


  𝚺 = 𝑾  𝑾 ⊤ +  𝜎 2 𝑰


  D − d


   𝜎 2


  𝜎 = 0


  𝑾


   𝚪 1


  𝑾 =  [   𝒁 1        𝒁 2 ]  [      𝚪 1  𝟎   𝟎  𝟎 ]    [   𝑽 1        𝑽 2 ] ⊤ =  𝒁 1  𝚪 1  𝑽 1 ⊤


  𝚺 = 𝑾  𝑾 ⊤ +  𝜎 2 𝑰 =  𝒁 1  𝜞 1 2  𝒁 1 ⊤ +  𝜎 2  (   𝒁 1  𝒁 1 ⊤ +  𝒁 2  𝒁 2 ⊤ ) =  𝒁 1  (   𝚪 1 2 +  𝜎 2   𝑰 )  𝒁 1 ⊤ +  𝜎 2  𝒁 2  𝒁 2 ⊤


   𝚺  − 1 𝑾 =  (   𝒁 1    (   𝚪 1 2 +  𝜎 2   𝑰 )  − 1  𝒁 1 ⊤ +  𝜎  − 2  𝒁 2  𝒁 2 ⊤ )  𝒁 1  𝜞 1  𝑽 1 ⊤ =


   𝒁 1    (   𝜞 1 2 +  𝜎 2   𝑰 )  − 1    𝚪 1 𝑽 1 ⊤


   𝚺 N  𝚺  − 1 𝑾 = 𝑾 ⇒    𝚺 N 𝒁 1    (   𝚪 1 2 +  𝜎 2   𝑰 )  − 1    𝚪 1 𝑽 1 ⊤ =  𝒁 1  𝚪 1  𝑽 𝟏 ⊤ ⇒


     𝚺 N 𝒁 1    (   𝚪 1 2 +  𝜎 2 𝑰 )  − 1 =  𝒁 1   ⇒      𝚺 N 𝒁 1 =  𝒁 1


   (   𝚪 1 2 +  𝜎 2 𝑰 )   ⇒    𝚺 N  𝒛 i =  (   𝛾 i 2 +  𝜎 2 )  𝒛 i


   𝒛 i


   𝚺 N


   𝛾 i 2 +  𝜎 2


   𝚺 N =  [   𝑼 1      𝑼 2 ]  [      𝚲 1  𝟎   𝟎   𝚲 2 ]    [   𝑼 1      𝑼 2 ] ⊤


   𝒁 1 =  𝑼 1


   𝚪 1 2 +  𝜎 2 𝑰 =  𝚲 1


   𝑼 1


  d


  d


   𝚺 N


  𝑾 =  𝒁 1  𝚪 1  𝑽 1 ⊤ =  𝑼 1    (   𝚲 1 −  𝜎 2 𝑰 )  𝟏 / 𝟐  𝑽 1 ⊤


  𝑾


  d


  𝜎


  ℓ = −  N 2 log ⁡ (   det ⁡  ( 𝚺 ) )   −  N 2   trace ⁡   (   𝚺  − 1  𝚺 N )


  𝚺 = 𝑾  𝑾 ⊤ +  𝜎 2 𝑰


  𝑾 =  𝑼 1  𝚪 1  𝑽 1 ⊤


  𝑾  𝑾 ⊤ =  𝑼 1  𝚪 1 𝟐  𝑼 𝟏 ⊤


  𝚺   =  𝑼 1 (  𝚪 1 2 +  𝜎 2   𝑰 )  𝑼 1 ⊤ +  𝜎 2  𝑼 2  𝑼 2 ⊤


   𝑼 1  𝚲 𝟏  𝑼 1 ⊤ +  𝜎 2  𝑼 2  𝑼 2 ⊤


   𝚺  − 1  𝚺 N =  (   𝑼 1  𝚲 𝟏  − 𝟏  𝑼 1 ⊤ +  𝜎  − 2  𝑼 2  𝑼 2 ⊤ )  (   𝑼 1  𝚲 1  𝑼 1 ⊤ +  𝑼 2  𝚲 2  𝑼 2 ⊤ ) =  𝑼 1  𝑼 1 ⊤ +  𝜎  − 2  𝑼 2  𝚲 2  𝑼 2 ⊤


  ℓ = −  N 2 log ⁡ (   det ⁡     (   𝚲 1 ) 𝜎  2 ( D − d ) )   −  N 2 ( d +    𝜎  − 2 trace ⁡   (   𝚲 2 ) )


     (  W  W T +  𝜎 2 I )  − 1 W = U ⇒ W =  (  W  W T +  𝜎 2 I ) U ⇒


    𝜕 ℓ  𝜕  𝜎 2 = −  N 2  (    D − d   𝜎 2 −     trace ⁡   (   𝚲 2 )   𝜎 4 ) = 0 ⟹  𝜎 2 =     trace ⁡   (   𝚲 2 )  D − d


   𝚲 1


   𝚺 N


  𝒃 , 𝑾


  𝜎


   𝝁 N


   𝚺 N


  𝒃 =  𝝁 N ,    𝑾 =  𝑼 1    (   𝚲 1 −  𝜎 2 𝐈 )  1 / 2 𝑹     and      𝜎 2 =  1  D − d  ∑  i = d + 1 D     𝜆 i


   𝑼 1  


  d


   𝚺 N ,


   𝚲 1


  d


  𝑹 ∈  ℝ  d × d


   𝜆 i


  i


   𝚺 N

