Deep Generative Models:
Markov Models

Fall Semester 2026

René Vidal

Director of the Center for Innovation in Data Engineering and Science (IDEAS),

Rachleff University Professor, University of Pennsylvania
Amazon Scholar & Chief Scientist at NORCE

& Penn



Taxonomy of Generative Models

Autoregressive models

-

Closed-form MLE Iterative EM Gradient-based training

Autoregressive
Transformers

Next-token prediction
Context-window dependence

Dependence
beyond one step

First-order Markov structure

Markov Hidden Markov Linear dynamical Diffusion models Latent ?j‘ff[:s'on
models models systems Gradient-based Ly
Closed-form MLE EM updates EM updates training Graiile.nt.-based
raining
Gaussian PPCA GMM MPPCA VAEs
Closed-form MLE Closed-form MLE EM updates EM updates Gra:lrlzir:]ti-nbgased

Latent variable models



Lecture Outline

* Stochastic Processes
e Definition and Examples

 Markov Models and Markov Chains
e Definition
* Transition Matrix
* Examples

* Inference via Matrix Multiplication

e Learning via Maximum Likelihood



Stochastic Process

* Definition: A stochastic process (Xy, X1, ..., X7) is a sequence of random variables
where each X; takes values in the same sample space () (state space)

* Example (Bernoulli Process): X; has 2 states and () := {0, 1}

X ~ Bernoulli(q), t=20,..,T

* Example (Categorical Process): X; has K states and ) := {1, ..., K}
X, ~ Cat(m), t=0,..,T



Markov Property (circa 1906)

* Issue: Modeling the joint distribution p(X,, X1, ..., X7) might require
exponentially many parameters in the absence of any assumptions.

* Conditional Independence Assumption (Markov property):

future independent past given | | present
Xit1 1 Xg, oy Xi_1q | X;

* Consequence: We now only need linearly many parameters:
p(xg, .., x7) = p(xe)p(xg | x0)p(x2 1965, %1 ) -+ P(X7 | S5 7=0, X7_1)

= p(xo)p(x1 | xo)p(xz | x1) == p(x7 | X7-1)

\ )
|

T + 1 terms




Markov Chains

» Definition: A (discrete time) Markov chain is a stochastic process (X, X1, ..., X7)
with the Markov property

p(xg, ..., x7) = p(x)p(xy | X)X | X1) - p(x7 | X7-1)

* Without the Markov Property: With the Markov Property:




Parameters of Markov Chains
* Initial Probability: m; is the probability that X starts at state i

m; = p(Xg=1) vieQ={1,..,K}

* Transition Probability: a;; is the probability that X; transitions from state i to j

ajj =pXesr =J | Xp = 1) Vi,jeQ={1,..,K}

* Matrix and Vector Notations: Row Vector

‘a11 alK_ j

A: —_ E - E e IRKXK, T = [77,'1, ...,T[K] (= RlXK

A Markov chain is fully specified by its parameters 0 := (1, A)




Example: Markov Sentence Model

* State Space () = {all possible words}

* The following are viewed as words and included in the state space
e <s>: the start of the sentence
* Digits
* Punctuations

e Fach sentence is a Markov chain where the words are random variables:

P(xo) P(x1|xo) p(lexl) p(x3|x2) p(x4|x3) p(x5|x4) P(x6|xs)
<S> Homework 1 is due soon

* Meaning of p(x,41|x;): Given that the current word is x,, what is the probability
that the next word is x4, 17



Example: DNA Sequencing
* State Space L = {A,C,G, T}

* Transition Matrix A: Initial Probability Vector mt:
A c G T
A 0359 0.143 0.167 0331 A 0.25
€ 0384 0.156 0.023 0.437 ¢ 0.25
G 0306 0.199 0.150 0.345 G 025
T 0284 0182 0.177 0.357 T 0.25

* Question 1: Given C, what is the probability of getting DNA sequence CTGAC?

* Answer 1:

p(CTGAC | Xg=C)=p(T IC)-p(GIT) -p(AIlG) -p(C|A)=0.00338

1 1 1 1

0.437 0.177 0.306 0.143




Example: DNA Sequencing )

* State Space L = {A,C,G, T} A 0.359
c 0.384

G 0.306
T 0.284

* Question 2: What'’s the probability of X, = A given X, = C?

* Answer 2: The state transition is C = x; — A for all possible x; € (:

C
0.143
0.156
0.199
0.182

g
0.167

0.023
0.150
0.177

0.331
0.437
0.345
0.357

A 0.25
c 0.25
G 0.25
T 0.25

pXy =A|Xy=0C) = leeﬂp(xz = Al Xy =x1) - p(X1 =x1 | Xg = C)

= 10.384,0.156,0.023,0.437]

'0.359]

0.384
0.306

10.284

* This is the inner product of the second row and first column of the transition matrix 4

* This is the (2,1)-th entry of A*



Example: DNA Sequencing )

* State Space L = {A,C, G, T} A 0.359
c 0.384

G 0.306
T 0.284

* Question 3: What'’s the probability of X, = A?

0.143
0.156
0.199
0.182

0.167
0.023
0.150
0.177

0.331
0.437
0.345
0.357

* Answer 3: The state transition is x; = x; = A for all possible xq, x; € (1:

p(Xy =A) = Zxoeﬂp(xz = Al Xy = x0) - p(Xo = Xo)

T

Question 2

* This is the inner product of the vector 1t and the first column of A?:

T

Initial Probability

mwA%e,

A 0.25
c 0.25
G 0.25
T 0.25



Transition Matrix and Distribution of Future States

e State Space () = {1, e ) K} Trcslmsition McaltrixA and initial probability distribution m :
11 - 1k
* (A%);;: the (i,j)-th entry of A° A:= Cl1;<1 aI;K € RIK, = [y, ..., mg] € RVK

* (A%).;: the j-th column of A®
* (+);: the j-th entry of a vector

¢ C|a|m 1: p(Xt+S =] | Xt — l) —_ (AS)U (VS) t) l;])
» Claim 2: p(Xg = j) = (A%); (Vs,j)
* Proof of Claim 2:
p(X; =) = zP(Xs =jlXo =1 p(Xo =1) = E(As)ij -1 = (A°%),; = (Th®);

LEQ) LEQ)
* Proof of Claim 1: By induction (next page)

Claim 1




Proof of Claim 1

e State Space () = {1, e ) K} Trcimsition McaltrixA and initial probability distribution m :
11 - 1k
* (A%);;: the (i,j)-th entry of A° A:= Cl1;<1 aI;K € RIK, = [y, ..., mg] € RVK

* (A%).;: the j-th column of A®
* (+);: the j-th entry of a vector

cClaimL:p(Xeys =j | Xy =10) = (AS)U

* Proof of Claim 1 (Induction):
* Vs, t, itis easy to prove shiftinvariance: p(X;ys = jl X = 1) = pX; = | Xy = 0)
* Next we prove p(Xs = j | X, = i) = Aj; by induction on s:
* The base case s = 1 follows from the definition of A
* Suppose we have p(X;_; = j | Xo = i) = A} ! then:

PO =1 X =D = ) p(e =] Xouy =) - pWomy =K1 X, = 1) = ) @+ (45 = (49,
ke ke



Eigenvalues of Transition Matrix PO e I
* Proposition. Let A4, ..., Ax be eigenvalues of A. Then e e
1] 1
max [A;]| =1 and A -t
k=1,...K : :
1. 1.

* Proof: Let (4, u) be an eigen-pair, i.e., Au = Au, u = [uq, ..., ug] "and |[|u]|, = 1.
Let i* be the index such that |u;| is maximized, i.e., i* = argmax; |u;|. Then, Au =
Awimplies ). ; a;« ju; = Aug+, which furthermore gives

u

J
— = a;«; = 1.
U; Z b

SE‘CLL'*]' ) SE‘CLL*]
J J J

Finally, since 2,;a;; = 1foralli = 1,...K, then A1 = 1, hence max 1A = 1.

2] <

) Ay jy
Uj*




Learning the Parameters 8 from Data

 We have derived some results based on the transition matrix ...

* In practice, we are given data samples rather than the transition matrix

* We will assume the data are sampled from a Markov chain, and then compute
the transition matrix from data via Maximum Likelihood Estimation (MLE)



MLE of Markov Chains Go)y—Cr)— -

N
* Assume we have N i.i.d. samples {x(")}nzl from distribution pg(x)

* X = (Xq, e, XT) each x; can take on K different values
* 8 = (A, r): unknown transition matrix and initial probability distribution

* MLE:

N
(ZML: ﬁML) = aIrgmaxy o 1_[ Pan (x(n))

n=1

Markov Property

Similar to 4

estimating N !

i lof i ~ _ (n) (n) | (n)
v, SO left as (App, Ty ) = argmaxy , Pr X, pal x; Xp_1

an exercise n=1 t=1

l, \L Variables are separable \l,

N

P n “A

Ty, = argmax,, ‘ ‘ Dt (x(g )) Our focus next = A,,; = argmaXAl
n=1 n




Simplifying The MLE _ s lTlP (37 |

Ay = argmaxAl l
n=1

o [I(+): indicator function

)

e N..:

ij: the number of samples with transitions from state i to state J, i.e.,

Nij = 7I¥=1ZZ=0H(XE " _]’xtg )1 l)

Then we have:
(n) (n) _

1 pa (2] x) = T T (agy) 2527

(n) (n) )

2. H 1Ht 1PA( ) ‘ xf’f)l) 1H 1H 1((11]) (xt ~h e
154 (aij) J

This gives: ~ Nij
5 Ay, = argmaxy [1i—; H;{:l (aij) J




Simplitying The MLE

.Nl

AML = argimaxg Hi=1 Hj:l (aij) ?

i the number of samples with transitions from state i to state j

Taking logarithm and adding constraints Zj a;j = 1:

K K

i=1j=1

Ay = argmaXAZZNij loga;; subject to z a; =1 (Vi)

K

j=1

l Variables are separable

Solve the following for everyi =1, ..., K:
&;j,,, = argmaxg, Y41 Nijloga;; subjectto fia=1

Remark: We have seen how to solve
it using Lagrangian multipliers (recall
EM for Gaussian Mixture Models)

JmL ~

N

Lj

K
j=1

N

Lj

Remark: The optimal transition matrix can be
found by simply counting and classifying the
number of the transitions of the sample states!




Conclusion

* Markov chains have several applications

* Modeling text sequences

* Modeling gene sequences

* The ML estimate &ijMLof the transition matrix is given by

Lijur

Nij <

K

Number of transitions from state i to j

e Similarly, the ML estimate f[\iML of the initial probability is given as

NiO <€

f[\i —
ML K
j=1 IVjO

Number of times we start in state i




	Slide 1: Deep Generative Models: Markov Models
	Slide 2: Taxonomy of Generative Models
	Slide 4: Lecture Outline
	Slide 5: Stochastic Process
	Slide 6: Markov Property (circa 1906)
	Slide 7: Markov Chains
	Slide 8: Parameters of Markov Chains
	Slide 9: Example: Markov Sentence Model
	Slide 10: Example: DNA Sequencing
	Slide 11: Example: DNA Sequencing
	Slide 12: Example: DNA Sequencing
	Slide 13: Transition Matrix and Distribution of Future States
	Slide 14: Proof of Claim 1
	Slide 15: Eigenvalues of Transition Matrix
	Slide 16: Learning the Parameters start equation theta from Data
	Slide 17: MLE of Markov Chains
	Slide 18: Simplifying The MLE
	Slide 19: Simplifying The MLE
	Slide 20: Conclusion


   (   X 0 ,  X 1 , … ,  X T )


   X t


  Ω


   X t


  2


  Ω ≔ { 0 ,   1 }


   X t ∼ Bernoulli  ( q ) ,         t = 0 , … , T


   X t


  K


  Ω ≔ { 1 , … , K }


   X t ∼ Cat  ( 𝜋 ) ,         t = 0 , … , T


  p (  X 0 ,  X 1 , … ,  X T )


     p  (   x 0 , … ,  x T )    = p  (   x 0 ) p  (   x 1 ∣  x 0 ) p  (   x 2 ∣  x 0   , x 1 ) ⋯ p  (   x T ∣  x 0 , ⋯ ,  x  T − 2 ,    x  T − 1 )    = p  (   x 0 ) p  (   x 1 ∣  x 0 ) p  (   x 2 ∣  x 1 ) ⋯ p  (   x T ∣  x  T − 1 )


   X  i + 1                                                       ⊥                                            X 0 , … ,  X  i − 1                                     ∣                                X i


  T + 1


  (  X 0 ,  X 1 , … ,  X T )


  p  (   x 0 , … ,  x T ) = p  (   x 0 ) p  (   x 1 ∣  x 0 ) p  (   x 2 ∣  x 1 ) ⋯ p  (   x T ∣  x  T − 1 )


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


   𝜋 i


   X 0


  i


   𝜋 i ≔ p (  X 0 = i )


  ∀ i ∈ Ω = { 1 , … , K }


   a  i j


   X t


  i


  j


   a  i j ≔ p  (   X  t + 1 = j   |    X t = i )                             ∀ i , j ∈ Ω = { 1 , … , K }


  𝑨 : =  [      a  11  …   a  1 K   ⋮  ⋱  ⋮    a  K 1  ⋯   a  K K ] ∈  ℝ  K × K ,                       𝝅 ≔  [   𝜋 1 , … ,  𝜋 K ] ∈  ℝ  1 × K


  𝜃   : = ( 𝝅 , 𝑨 )


  Ω =  {  all   possible   words }


  p  (   x  t + 1 |  x t )


   x t


   x  t + 1


       X 0


        X 1


        X 2


        X 3


        X 5


        X 4


        X 6


  p  (   x 0 )


  p  (   x 1 |  x 0 )


  p  (   x 2 |  x 1 )


  p  (   x 3 |  x 2 )


  p  (   x 4 |  x 3 )


  p  (   x 5 |  x 4 )


  p  (   x 6 |  x 5 )


  Ω = { 𝒜 , 𝒞 , 𝒢 ,   𝒯 }


  𝑨


  𝝅


  𝒞


  𝒞 𝒯 𝒢 𝒜 𝒞


  p ( 𝒞 𝒯 𝒢 𝒜 𝒞 ∣  X 0 = 𝒞 ) = p ( 𝒯 ∣ 𝒞 ) ⋅ p ( 𝒢 ∣ 𝒯 ) ⋅ p ( 𝒜 ∣ 𝒢 ) ⋅ p ( 𝒞 ∣ 𝒜 ) ≈ 0 . 00338


    𝒜                             𝒞                           𝒢                                 𝒯


  𝒜       0 . 359           0 . 143           0 . 167               0 . 331


  𝒞         0 . 384           0 . 156           0 . 023               0 . 437


  𝒢         0 . 306           0 . 199           0 . 150               0 . 345


  𝒯         0 . 284           0 . 182           0 . 177               0 . 357


  𝒜       0 . 25


  𝒞         0 . 25


  𝒢         0 . 25


  𝒯         0 . 25


  Ω = { 𝒜 , 𝒞 , 𝒢 ,   𝒯 }


   X 2 = 𝒜


   X 0 = 𝒞


  𝒞 →  x 1 → 𝒜


   x 1 ∈ Ω


  p (  X 2 = 𝒜 ∣  X 0 = 𝒞 ) =  ∑   x 1 ∈ Ω  p  (   X 2 = 𝒜 |     X 1 =  x 1 ) ⋅ p  (   X 1 =  x 1   |     X 0 = 𝒞 )


  =  [  0 . 384 ,   0 . 156 ,   0 . 023 , 0 . 437 ]  [     0 . 359   0 . 384       0 . 306    0 . 284 ]


  𝑨


  ( 2 , 1 )


   𝑨 2


  𝒜       0 . 25


  𝒞         0 . 25


  𝒢         0 . 25


  𝒯         0 . 25


    𝒜                             𝒞                           𝒢                                 𝒯


  𝒜       0 . 359           0 . 143           0 . 167               0 . 331


  𝒞         0 . 384           0 . 156           0 . 023               0 . 437


  𝒢         0 . 306           0 . 199           0 . 150               0 . 345


  𝒯         0 . 284           0 . 182           0 . 177               0 . 357


  Ω = { 𝒜 , 𝒞 , 𝒢 ,   𝒯 }


   X 2 = 𝒜


   x 0 →  x 1 → 𝒜


   x 0 ,  x 1 ∈ Ω


  p (  X 2 = 𝒜 ) =  ∑   x 0 ∈ Ω   p  (   X 2 = 𝒜 |     X 0 =  x 0 ) ⋅ p (  X 0 =  x 0 )


  𝝅


   𝐀 2


  𝝅  𝐀 2  𝒆 1


  𝒜       0 . 25


  𝒞         0 . 25


  𝒢         0 . 25


  𝒯         0 . 25


    𝒜                             𝒞                           𝒢                                 𝒯


  𝒜       0 . 359           0 . 143           0 . 167               0 . 331


  𝒞         0 . 384           0 . 156           0 . 023               0 . 437


  𝒢         0 . 306           0 . 199           0 . 150               0 . 345


  𝒯         0 . 284           0 . 182           0 . 177               0 . 357


    Ω = { 1 , … , K }


     (   𝑨 s )  i j


  ( i , j )


   𝑨 s


     (   𝑨 s )  : j


  j


   𝑨 s


     ( ⋅ ) j


  j


  p  (   X  t + s = j   |     X t = i ) =    (   𝑨 s )  i j


   (  ∀ s , t , i , j )


  p  (   X s = j ) =    (  𝝅  𝑨 s ) j


   (  ∀ s , j )


  p  (   X s = j ) =  ∑  i ∈ Ω   p  (   X s = j |     X 0 = i ) ⋅ p (  X 0 = i ) =  ∑  i ∈ Ω      (   𝑨 s )  i j ⋅  𝝅 i = 𝝅    (   𝑨 s )  : j =    (  𝝅  𝑨 s ) j


  A  


  𝜋  


  𝑨 : =  [      a  11  …   a  1 K   ⋮  ⋱  ⋮    a  K 1  ⋯   a  K K ] ∈  ℝ  K × K ,                       𝝅 ≔  [   𝜋 1 , … ,  𝜋 K ] ∈  ℝ  1 × K


  Ω = { 1 , … , K }


     (   𝑨 s )  i j


  ( i , j )


   𝑨 s


     (   𝑨 s )  : j


  j


   𝑨 s


     ( ⋅ ) j


  j


  p  (   X  t + s = j   |     X t = i ) =    (   𝑨 s )  i j


  ∀ s , t


  p  (   X  t + s = j   |     X t = i ) = p  (   X s = j   |     X 0 = i )


  p  (   X s = j   |     X 0 = i ) =  𝑨  i j s


  s


  s = 1


  𝑨


  p  (   X  s − 1 = j   |     X 0 = i ) =  𝑨  i j  s − 1


  p  (   X s = j   |     X 0 = i ) =  ∑  k ∈ Ω   p  (   X s = j   |       X  s − 1 = k ) ⋅ p  (   X  s − 1 = k   |    X 1 = i ) =  ∑  k ∈ Ω    a  k j ⋅    (   𝑨  s − 1 )  i k =    (   𝑨 s )  i j


  A  


  𝜋  


  𝑨 : =  [      a  11  …   a  1 K   ⋮  ⋱  ⋮    a  K 1  ⋯   a  K K ] ∈  ℝ  K × K ,                       𝝅 ≔  [   𝜋 1 , … ,  𝜋 K ] ∈  ℝ  1 × K


   𝜆 1 , … ,  𝜆 K


  𝑨


      max  k = 1 , … , K ⁡  |  𝜆 k | = 1


  𝑨  [      1    1    ⋮    1 ] =  [      1    1    ⋮    1 ]


  ( 𝜆 , 𝒖 )


  𝑨 𝒖 = 𝜆 𝒖


  𝒖 =    [   u 1 , … ,  u K ] ⊤


  |  | 𝒖 |    ​ | 2 = 1


   i ∗


  |  u i |


   i ∗ =   argmax i   |  u i | .


  𝑨 𝒖 = 𝜆 𝒖


   ∑ j   a   i ∗ j  u j = 𝜆  u   i ∗


   | 𝜆 | ≤  |     ∑ j   a   i ∗ j  u j   u   i ∗ | ≤  ∑ j   |   a   i ∗ j | ⋅  |     u j   u   i ∗ | ≤  ∑ j   |   a   i ∗ j | =  ∑ j   a   i ∗ j = 1 .


   ∑ j   a  i j = 1


  i = 1 , … K ,


  𝑨 𝟏 = 𝟏


      max  k = 1 , … , K ⁡  |  𝜆 k | = 1


  𝑨 : =  [      a  11  …   a  1 K   ⋮  ⋱  ⋮    a  K 1  ⋯   a  K K ] ∈  ℝ  K × K


  𝜃


  N


     {   𝒙   ( n ) }  n = 1 N


   p 𝜃 ( 𝒙 )


  𝒙 ≔ (  x 0 , … ,  x T )


   x t


  K


  𝜃 = ( 𝑨 , 𝝅 )


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


  (    𝑨 ^  M L ,    𝝅 ^  M L ) =   argmax  𝑨 , 𝝅  ∏  n = 1 N   p 𝝅  (   x 0  ( n ) )  ∏  t = 1 T   p 𝑨  (   x t   ( n ) ∣   x  t − 1   ( n ) )


     𝝅 ^  M L =   argmax 𝝅  ∏  n = 1 N   p 𝝅  (   x 0  ( n ) )


     𝑨 ^  M L =   argmax 𝑨  ∏  n = 1 N   ∏  t = 1 T   p 𝑨  (   x t   ( n ) ∣   x  t − 1   ( n ) )


  (    𝑨 ^  M L ,    𝝅 ^  M L ) =   argmax  𝑨 , 𝝅  ∏  n = 1 N   p  A , 𝜋 (  𝒙   ( n ) )


     𝑨 ^  M L


  𝕀 ( ⋅ )


   N  i j


  i


  j


   N  i j ≔  ∑  n = 1 N   ∑  t = 0 T  𝕀  (   x t   ( n ) = j ,    x  t − 1   ( n ) = i )


   p 𝑨  (   x t   ( n ) ∣   x  t − 1   ( n ) ) =    ∏  i = 1 K   ∏  j = 1 K   (   a  i j )  𝕀  (   x t   ( n ) = j ,        x  t − 1   ( n ) = i )


   ∏  n = 1 N   ∏  t = 1 T   p 𝑨  (   x t   ( n ) ∣   x  t − 1   ( n ) ) =  ∏  n = 1 N   ∏  t = 1 T     ∏  i = 1 K   ∏  j = 1 K   (   a  i j )  𝕀  (   x t   ( n ) = j ,      x  t − 1   ( n ) = i )


  =    ∏  i = 1 K   ∏  j = 1 K     (   a  i j )   N  i j


     𝑨 ^  M L =   argmax 𝑨  ∏  n = 1 N   ∏  t = 1 T   p 𝑨  (   x t   ( n ) ∣   x  t − 1   ( n ) )


     𝑨 ^  M L =   argmax 𝑨    ∏  i = 1 K   ∏  j = 1 K     (   a  i j )   N  i j


   N  i j


  i


  j


   ∑ j   a  i j = 1


     𝑨 ^  M L =   argmax 𝑨    ∏  i = 1 K   ∏  j = 1 K     (   a  i j )   N  i j


     𝑨 ^  M L =   argmax 𝑨  ∑  i = 1 K   ∑  j = 1 K   N  i j   log ⁡   a  i j               subject   to                  ∑  j = 1 K   a  i j = 1   ( ∀ i )


  i = 1 , … , K


       a ^  i j  M L =   arg max   a  i j  ∑  j = 1 K   N  i j   log ⁡   a  i j     subject   to                  ∑  j = 1 K   a  i j = 1


       a ^  i j  M L =    N  i j   ∑  j = 1 K   N  i j


       a ^  i j  M L


       𝜋 i ^  M L


       a ^  i j  M L =    N  i j   ∑  j = 1 K   N  i j


       𝜋 i ^  M L =    N  i 0   ∑  j = 1 K   N  j 0
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