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HMMSs and Linear Dynamical Systems

Hidden Markov Models (HMMs)

* State transition and emission probabilities
""" are categorical

_> ...... * Hidden state Z; and observation X; are
discrete random variables

Linear Dynamical Systems (LDSs)

------ * Hidden state Z; and observation X; are

continuous random vectors
e State transition and emission probabilities
are Gaussian

o




Linear Dynamical Systems o € RO

Sy >0

Linear Dynamical Systems (LDSs) * Hidden state Z; and observation Y; are

@ @ > e continuous random vectors A € R4xd

e State transition and emission are Gaussian | € € RP*4

@ ...... Model Parameters: d: state dimension Q € RAxd
0 :=(1my, Xy, A4,Q,C,R) || D:outputdimension Q>0

* Initial Distribution: R € RP*D
p(Zy) = N (1m0, Zp) k>0

e State Transition:

We assume wy, v, are
p(Zt | Zt—1) — N(Azt—1; Q) independent from each other

and independent from z

e State Emission:

p(Xe | z¢) = N(Cz, R)
_ Probabilistic Description Algebraic Description

State Transition p(Z; 1 z,_1) = N(Az,_, Q) Z; =AZ,_, + w, withw, ~ NV (0,Q)
State Emission p(X; |1 z,) =N(Cz.,R) X, = CZ, + v, withv, ~ N (0,R)



Filtering and Smoothing

* P1: Filtering. Given 8 and (x, ..., X;), infer the current state z;, that is to compute
Po(Z¢ | Xo, ..., Xt)

* e.g., what is the current state of the missile given its position over some past time?

* P2: Smoothing. Given 8 and (x,, ..., X1), infer the past state z;, that is to compute
pe(z: | xo, ..., x7)

* e.g., where did the missile originate given we observed it over some time?

* Remark. You may find P1 and P2 familiar
* In HMMs, we solved them via recursively updating a; (t), y;(t)



Basic Properties So € RO

Sy >0

Linear Dynamical Systems (LDSs) * Hidden state Z, and observation Y; are
> eeeen continuous random vectors A € RAXd
e State transition and emission are Gaussian | € € RP*4
...... Model Parameters: d: state dimension Q € RAxd
@ e 0 :=(my,Xyp,A4,Q,C,R) D: output dimension Q>0

RERDXD
R>0

e Joint distribution is Gaussian:
Gaussian

po(Xg, oo, X1, 20, o) Z7) ZPH(ZO)iH’{:O}pG(xt | ;) Z= Po(Z: | Z;_q)

* Therefore, “any conditional distribution” is Gaussian
* Vague, but look at your question 1 of homework 1 (next page)




Gaussian Conditioning (HW 1)

a
o If [b] ~ N( ] [Z be]) then the conditional distribution p(a | b) is

Gaussian with mean ua|b and covariance X, given by

ﬂa|b = Uq T 2:abz (b ﬂb)

/ AN

original mean & variance of a correction upon observing b

N\ «
2:alb = 2gq — 2:abzblzba



Gaussian Combining (Extension of Problem 1a, HW 1)

Gaussian Combining: If x = Cz + v withz ~ N (u,, %,) andv ~ N (0,X,) then

[ ] N <[Cuz] [ CZZ%TC:— ):,,D

* Proof: The proof is finished by computing the following quantities:
* E[x] = E|[Cz + v] = CE|z] + 0 = Cpu,

* COV(Z, x) — IE[(Z - Mz)(x - Cﬂz)T] — [E[(Z - Hz)(CZ TV — Cﬂz)T] — 2:ZCT

* Cov(x) = E[(x — Cu,)(x — Cu,) '] = E[(Cz+v—Cnu,)(Cz+v—Cu,)']
— [E[C(Z o Mz) (Z o Mz)TCT + C(Z o ”z)vT T U(Z o ﬂz)TCT + va]
=C-E[(z—pu,)(z—un,)"]-C"+0+0+R=CZ,C" +R



Filtering and Smoothing

* P1: Filtering. Given 6 and (xg, ..., X;), compute
po(z; | xg, ..., X¢t)

* P2: Smoothing. Given 8 and (xg, ..., XT), compute
po(z; | xg, ..., X7)

* Since pg(z; | Xy, ..., X;) is Gaussian (Vs, t), it suffices to compute

2S|t = ]E[ZS | xo, ...,xt]

§s|t = [ [(ZS — 2S|15)(Zs — 2s|t)T‘xO: ---:xt] = Cov(z; | xg, ..., X¢)

* We will do so recursively (first for filtering and then for smoothing



Filtering: Compute Zo, Zg)o e = Elzs | Xo, . 2]

Zg)c = Cov(zs | X, ..., X¢)

* P1: Filtering. Given 6 and (xg, ..., X;), compute
Po(z; | Xo, ..., X¢)

* Let’s begin with the simplest case:
* What are the mean 2, = E[z, | x,] and covariance £, = Cov(z, | x¢) of z, given x,?

* High-level Idea.

V4
1. find the mean and covariance of [xz] via Gaussian combining

2. find the mean Z,|, and covariance X, of z, | x( via Gaussian conditioning

Hap = Hg T Zabzl;l}(b — Up), Za|b = Xgq — Zabzggzba



Filtering: Compute Zo, Zg)o Zole = El2s | Xo, -, %]

Xq: = Cov(zs | xg, ..., X¢)

* Step 1: find the mean and covariance of

p(ZO) = N(”OIZO)
p(X¢ | zt) = N(Cz, R)

Gaussian Combining: If x = Cz + v withz ~ N (u,, X,) andv ~ N (0,X,) then

z,C’
[:Zc] ~ N ( Cuz] [cz czng + Z,,D

* Applying Gaussian combining yields

|

Z, Y,C'T
~ N
xo] ( C”'o] [czo CX,C" +R



Filtering: Compute Zo, Zg)o e = Elzs | Xo, . 2]

Zg)c = Cov(zs | X, ..., X¢)

Z
* Step 2: apply Gaussian conditioning to [x((;]

Xo Cmol’|cz, €Z,C" +R

Hap = Hg T Zabzlgl} (b — up), 2:a|b = Xgq — 2:abzlgblzba

 We have
2()'0 — IE[ZO | xo] — Tl'o + ZOCT(CZOCT + R)_l(xo — Cno)

Zoj0 = Cov(zy | x9) =Ty —ZoCT(CZ,CT + R)TICE



Filtering: From O to t

* P1: Filtering. Given 8 and (x,, ..

., Xt), compute
Po(z; | Xo, ..., X¢)

Z5)t = Elzs | X0, ..., X¢]
Xq: = Cov(zs | xg, ..., X¢)

* We've now computed Z, and 20|0- This solves P1 for the caset = 0

* To proceed, we will update Z;_;_1, L;_1|t—1 into Z; ¢, ), for every t

The planned computational flow

Zolo  Zoj1 Zojz  Zo[3

Zijo “Z1)1  Z1)2 213

N

Zy0 Zo1 Zzp %23

N

Z310 Z3)1 23|12 Z3|3




Filtering: From O to ¢ Zjc = El25 | %o, - x4

Zg)c = Cov(zs | X, ..., X¢)

* To compute Z and o, we
* (Step 0) found the mean and covariance of z, (already known)

V4
* (Step 1) found the mean and covariance of [x(;] via Gaussian combining

* (Step 2) found the mean and covariance of z, | x, via Gaussian conditioning

Question: How can we generalize these steps for general t?

* Toupdate Z;_1|;—1, Xt—1t—1 INtO Z¢¢, gy, we will condition on x, ..., x;_; and
* (Step O) find the mean and covariance of z; | x, ..., x;_; (Using Z; _;;_4, ft—llt—l)
V4
* (Step 1) find the mean and covariance of [xt] | X, ..., X;_qVia Gaussian combining
t

* (Step 2) find the mean and covariance of z; | x;, x, ..., X;_1Via Gaussian conditioning

Step 0 and conditioning on Xy, ..., X;_1 are the only differences
* You should be able to figure out all the details without looking at the rest slides




Filtering: Compute Z; ¢, Z¢ ¢ e = Elzs | Xo, . 2]

Zg)c = Cov(zs | X, ..., X¢)

* Step O: find the mean and covariance of z;|x,, ..., X¢_1

p(Ze | 2¢_1) = N (Az;_1,Q)

* By definition, this is to compute Z;;_1, Z¢;—1

e We have

2t|t—1 — ]E[Zt | xo, ...,xt_l] — [E[AZt_l + Wt | xo, ...,xt_l] — Aﬁt—llt—l

§t|t—1 = E [(Zt — 2t|t—1)(zt - 2t|t—1)T‘xO' ---»xt—1] — = 142\1,“—1“5—114T + Q

T

similar to how we computed Cov(x) in
the proof of Gaussian combining



Filtering: Compute Z; ¢, X e = Elzs | Xo, . 2]

Zg)c = Cov(zs | X, ..., X¢)

. . Z -~ "
* Step 1: find the mean and covariance of [x ] | X0, -\ Xp_1 Zyje-1 = AZp1t
t Lejp—1 = Azt—1|t—1AT +Q

Zy|-q =Ty, Lo|-1 = Zg

Z .
xo] and obtained

. Zo] N Zo|-1 i:\0|—1 i:\0|—1CT
xO CﬁO|—1 ’ C§0|_1 C§0|_16T+R

. . . . Zt :
e Similarly, now, applying Gaussian combining to [x ] |xg, ..., Xs_q1 gives:
t

Z Zy)t-1 §t|t—1 §t|t—1CT
° X ] |x0, ey Xp—1 ™~ N C3 ) — — T
t Ztjt-1] [CEfp—1 CEfe—1C + R

* We applied Gaussian combining to [



Filtering: Compute Z; ¢, X e = Elzs | Xo, . 2]

Zg)c = Cov(zs | X, ..., X¢)

. e Zy -~ "
* Step 2: apply Gaussian conditioning to [ ] | X0, voes X1 Ztje-1 = AZ—1)e-1
Xt Lejp—1 = Azt—1|t—1AT +Q

Zy|-q =Ty, Lo|-1 = Zg

V4
* We applied Gaussian conditioning to [le and obtained:

N\ /N = = _1 N\
ZO|O = Z0|_1 + ZO|_1CT(CZO|_1CT + R) (xO — CZO|_1)
o~ o~ o~ —~ -1 ~
Zolo — ZO|—1 — ZO|_1CT(CZO|_1CT + R) CZO|_1
Z
e Similarly, now, applying Gaussian conditioning to [xj | Xo, ..., Xy_1 Bives:
A A - = _1 A~
Zyt = Zgp—1 T 2 t—1CT(CZt t—1C,T + R) (xt — CZ¢1—1)

AN

- - - 1
Lo = Lpje—1 —| B¢ 15—1CT(Czt|t—1CT + R) CLijt—1
1

“Kalman gain matrix”. Let us denote it by K,




Summary: Filtering for LDS

* Putting everything together gives Kalman Filter:

* Initialization: Zo|_; = 1y, Tg|—1 = Zo
* Recursion (Vt =0, ..., T):
“Correction”:
K, =Z40-1CT(CEpe—1CT +R)
Zyt = Zyjp—1 + Ke(xp — CZypp_q)
§t|t — §t|t—1 - KtC§t|t—1
“Prediction”:
2t+1|t — A2t|t

§t+1|t = Ai:\tu:l‘lT +Q

?\Slt = E[zs | xg, ..., X¢] p(Zy) = N (19, Xp)
zs|t = COV(ZS | X0, ---»xt) p(Zt | Zt—1) — N(Azt—l; Q)

p(X¢ | z¢) = N(Cz, R)

How To Derive Kalman Filter
p(zt—l | in "'th—l)
Prediction

v
D(Zp | X, ern) Xpq) mremmemessemeeess
vGaussian Combining '

p(Ze, Xe | Xgy ooy Xp—1) i Correction

J Gaussian Conditioning

D(Ze | Xy ooy Xpoq, Xp)Grorereensi

Computational Trajectory of Kalman Filter
Zolo  Zoj1  Zojz  Zo[3

|

Z1)>Z11  Z1)2  Zq)3

Zylo  Z2117>Z2)2 2213

Z3l0 Z3)1  Z3|12—>Z3|3




From Filtering to Smoothing Zoje = El2s | xo, ... 2]

Xg)c = Cov(zs | X, ..., X¢)

* P1: Filtering. Given @ and (x,, ..., X;), compute
Pe(z: | Xg, ..., X¢)
* P2: Smoothing. Given 8 and (x,, ..., X1 ), compute
pe(z: | xg, ..., X7)

* Since everything is Gaussian, to solve P2 it suffices to compute Z;r, f“T for all t

What Kalman Filter gives us: What we will do to solve P2:
20|0 20|1 20|2 20|3 20|0 20|1 20|2 2OT|3
Z)6>Z11  Zyz 243 Z1\>Z11  Zy2 243

>
—

Zy10  Zor>Zyp %23 Zyj0  Zr—>Zz2 %23

—

Z3l0 Z3|y Z312—>Z3|3 Z3l0 Z3)x Z3)12—>Z3|3

Goal: Given Zy ¢, X;); and Z¢;_q, ¢ ¢—1 for every t, update Z;r, Ly into Z;_q 7, Lp_q7




SmOOthlng 2slt = Elzs | xg, ..., X¢]

Xg)c = Cov(zs | X, ..., X¢)

Goal: Given Zg ¢, Xy and Zy._q, L¢)¢—1 for every t, update Z; 7, Lyyr into Z,_q 7, Xp_q7

e Observation:

* Since z,_, is independent of x;, ... x given z;, we have
Po(Zi-1 | Z¢, Xg, o, Xe—1) = Pg(Ze—1 | Z¢, X0, .., X7)

* High-level Idea:

1. Compute pg(z;_1 | z¢, X, ..., X¢—q1) Via Gaussian combining and Gaussian conditioning
* This gives us pg(Z;_1 | ¢, xg, oor) X7)

2. Givenpg(Zi—1 | 24, X, ..., X7), update Z;r, ¢ into Z,_q 7, L q)7
* via law of total probability and law of total expectation

* Derivation Details: see the appendix at the end of slides



Summary: Smoothing for LDSs 21 = El2s | Xo, ., %]

Xg)c = Cov(zs | X, ..., X¢)

* Goal. Given 6 and (xg, ..., X7), compute
Pe(z; | Xo, ..., XT)

* Algorithm (known as “Rauch-Tung-Striebel smoother”).

1. (Forward Pass) Run Kalman filtering to compute Z;, ft|t and Z; 4 1¢, ft+1|t forallt

2. (Backward Pass) Fort =T, ..., 1, compute the following:
* L4 = zt—1|t—1Ath_|%—1

Computational Trajectory of Smoothing:

. 5 A A A 2OIO 20|1 20|2 20|3
Zt T = Zp-1)t-1 T Lt—l(zt|T - Zt|t—1) 1
Z1)>Z11  Zy)2 21\|3
~ . ~ ~ ~ —I— R A\L . ~
* X qr = Zp_qe-1 T Lt—1(zt|T — Zt|t—1)Lt—1 Zyo  Zap 22z 223

. . . . A ~ %/\
Remark: L;_; is sometimes called the “backward Kalman gain matrix” Z3l0  Z3|1 23|27 2233




State Estimation and Learning

* State Estimation (“Decoding”). Given 68 and (xg, ..., X1), solve:

argmax pg(zg, ..., Z7 | Xg, ..., X7)
Zo,.-nZT

. . . O L
* Learning. Given N observations {xO.T} , find best 6
T In=1

meax Hg=1 Po (xf)”%



State Estimation

Zs; = Elzs|xq, ..., x¢]
Xg¢ = Cov(zs|xo, ..., X¢)

* State Estimation. Given 8 and (x, ..., X7), solve:
argmax pg(zgy, ..., Z7 | Xg, ..., X7)

Zy,.. LT

e Solution:

 Since pg(2y, ..., Z7 | Xy, ..., X7) is Gaussian, the optimal solution to state estimation is

_[E[Z() | X0, ...,xT]_ _/Z\OlT_
]E[Z]_ | xO; "')xT] — /Z\llT
Elz7 | xg, ..., xT]. _/Z\T|T_

* Therefore, the state estimation problem can be solved by smoothing

* Similarly, we can prove the output Z;; of the Kalman filter solves max pg (z; | xg, ..., x). It isin this sense
VA

that we say the Kalman filter is optimal

t



I_ea rn I ﬂg Model Parameters:

Linear Dynamical Systems (LDSs) e 0 :=(my,2yp,A4,Q,C,R)

. . . O
* Learning. Given N observations {xo:T} , find best 6

n=1
(n)

N
meaX Hn:l Po (xO:T

 We can perform learning via the EM algorithm
* we provide high level intuition in what follows
* full derivations are given at the end of the slides



I_ea rn I ﬂg Model Parameters:

Linear Dynamical Systems (LDSs) e 0 :=(my,2yp,A4,Q,C,R)

* Learning. Given N observations {xé T)} , find best 6
n=1

n
méiX [In=1p0 (x( )
* We are going to apply the EM algorithm (iteration: k):
M-step:
E-step:
q (Zo Tlx(n)) Dgk (Zo .T |x(n) 6**" = argmaxq Z K gk (z1xm) [log Pe (xg ;’ZO T)]
n=1

* we provide high level intuition in what follows

o _ . in subscripts: z = zg.p, x™ = x\")
* full derivations are given at the end of the slides



. Model Parameters:
GLeSSIHg . 6:= (15,20, 4,Q,C R)
E-step: M-step:
q (ZO Tlx(n)) Pgk (ZO T |x(n) k! = argmaxe Zn 1 IIE':z~qk(z|x(n)) [lOg Po (xg) ’1)"' Zo. T)\
p(Zy) = N (1o, Zg) p(Z¢lz,—1) = N(Az,—1, Q) p(Y¢lz,) = N (Cz,, R)

* Let us guess a solution to the M-step... (one of the guesses is wrong)
* Since Ty, = E|z,], we guess: .

E,_ k(. [Z0o]
htl = 2 z2~q*(z]x™) <——— “empirical mean”
0 N

n=1
* And we guess the covariance might be

g+ o i(Equu(m)[Zo]‘”'5“)(Ez~qk(z|x<n>>[zo] m*t)

n=1 N N

“empirical covariance”

e Try having a guess forZf*1, A1 Qk+1, ck+1, R¥+1 yourself...



Summary: EM for LDSs (iteration: k)

Given 8%, for each x;, use Kalman Filter & Smoothing to compute:

. [E(n)[ ] = [Ez~qk(z|x(")) [zt|xgn%] ke

E-step
(n)
add indices n, k

° 25“: = ]E[Zslxo, ...,xt]
* Xy = Cov(zg|xg, ..., X¢)
* L =3 1)t— 1ATZt|t 1

[E(n) [tht] — IEZ~qk(Z|x(n)) [tht |x0 '1)-"|

° [E(n)[ztzt 1l =E, ~ gk (z]x™) [tht 11X, 7)']
M-step
Update parameters:
E(
. mktl= Zn=1 B [20]
N
. zlg+1 — Zg:l Egcn)[zozz)r] _ nk+1(nlg+1)T

N
~1
e (B Tt ) B2 )

T T
N(T+1)

-1
Al = ( N=1Xt=1 [El(cn) [ZtZtT—l]) (Z%’=1 Y1 E(n) [Zt—lth—l])

Qk+1 — En=12t=0 Egcn) [thﬂ_AkH Y=12t=0 Eﬁn) [Zt 1Zt]
NT

Kalman Filter & Smoothing can compute

© Elz¢|xor] = 247

o Elzez{|xoq] = Zyr + 2027

o« Elz,z{_1|x0.7] = Lt—1§t|T + 2t|T22_—1|T
via forward & backward passes

A

N

Zol1  Zojlz  Zo|3

T>Z1)1 Z1|2
Zyl0 22117 >Z2)2

Z3l0 Zz|1 Z3|2—>Z3|3

Model Parameters:
e O := (no,ZO,A, Q, C,R)

p(Zy) = N (1, Zg)
p(Zelzp—1) = N(Azi_4, Q)
p(Xelz,) = V(Cz, R)




Possible Extensions of Linear Dynamical Systems

Linear Dynamical Systems (LDSs) How To Derive Kalman Filter

—(0)—> - P(2e 1 | Xop s Xe 1)
Prediction

v
p(zt | X0, ""xt—l) ...................
@ °°°°°° vGaussian Combining

p(Ze, xe | X0y o) Xp—1) ECorrection
e What if ...... lGaussian Conditioning .
* we do not have Gaussians? D(Z¢ | Xg, o) Xy, Xp)Comemenens
* we have time-varying dynamics? - - - R
Zolo  Zgj1  Zoj2  Zo3

¢ Zt —_ AtZt_l + Wt, Xt — CtZt + vt

2)7>Z11  Zy)2 2/1\|3
* we have control over states? |

V4 Zo—>2 Z3|3
* Zt — Azt—l + th + W, 2|1 2[1 2|2

Zy2  Z3n 2317 —>Z3|3

* we have nonlinear dynamics?

« Z, = f(z,1) +wy, X =g(2zy) + v,



Appendix (Optional)

* In the subsequent slides, we provide mathematical details for smoothing and
learning



Smoothing: Prerequisite

* For smoothing, we need the following basic results:

e Law of Total Expectation (LoTE)

Elal = EplEq[a | b]]

e Law of Total Covariance (LoTC)

Cov(a) = E[Cov(a | b)] + Cov(E[a | b])

Cov(a, b) = E[(a — E[a])(b — E[b]) ]
Cov(a) := Cov(a, a)




SmOOthlng 2slt = Elzs | X0, ..., X¢]

Xg)c = Cov(zs | X, ..., X¢)

Goal: Given Zg ¢, Xy and Zy._q, L¢)¢—1 for every t, update Z; 7, Lyyr into Z,_q 7, Xp_q7

e Observation:

* Since z;_4 isindependent of x;, ... X given z;, we have
pH(Zt—l | Zt, X, "'!xt—l) — p@(zt—l | Zg, X, "')xT)

* High-level Idea:

1. Compute pg(z;—1 | Z¢, X, ..., X¢—1) Via Gaussian combining and Gaussian conditioning
* This gives us pg(Z;_1 | ¢, xg, oor) X)

2. Givenpg(zi—1 | ¢, %, ..., X7), update Zr, f“T into Z;_q,r, ft_1|T via LoTE and LoTC



Smoothing

* Step 1: Compute pg(zs_1 | z¢, X, ...

P(Ze | Zt—q) = N(AZi_4,Q)

'xt—l)

Z5) = Elzs | X0, ..., X¢]
Xg: == Cov(zs | xg, ..., X¢)

Gaussian Combining: If x = Cz + v withz ~ N (u,,

A~ (]|

Gaussian Conditioning: g = Hg + .25 (b — up), aip = Zaa

x,CT
C,C" +X,

X,)andv ~ N(0,X,) then

— 2a0p250 Zha

z
* Step 1.1: Applying Gaussian combining to

Zi_1 Zt—llt 1
[ ] |x0, t—l ~ N A
Zi|t—1

* Step 1.2: From Gaussian conditioning we see Z;_4 | Z;, X, ...,

i

.
Zt 1|t p Zeqe14

AZ; 44 X)r—1

N(ﬁt—1|t—1 + Lt—l(zt - 2t|t—1)r§t—1|t—1 — Lt—lAft—1|t—1)

)

] | Xq, ..., Xy_1 BivVes:

§t|t—1 = Azt—1|t—1AT +Q

X;_1 has distribution:

5 Te-1
Li—q = Z¢_q1)e-14 Zgjp—q

Remark. Note that Lt—lAft—1|t—1 = Lt_lfﬂt_lL_tr_l, so the covariance ft—1|t—1 — Lt_lAft_1|t_1 is symmetric




Z5): = Elzs | x0, ..., X¢]

S m OOt h I n g L4 = 2:1: 1)t—-14 2:1:|1: 1 §s|t = Cov(zg | xg, ..., X¢)

 We have obtained

Po(Zi—1 | 24, X, ..., X7) = N(zt—1|t—1 + Lt—l(zt Zt|t 1) Zt 11t—1 — L 1Zt|t 1L )

* Step 2: update Z;r, f“T into 2t_1|T, ft_“T via LoTE and LoTC
2,17 = Elz,_1]x, .. = E,,|E,,_ [2e-1 | 24, X0, .., X7
=By, [2¢—1)¢-1 + Lt—l(zt — Z¢je—1) | X, oo, X7]
=Ziqjt—1 + Lt—1(2t|T — 2t|1:—1)
X g7 = Cov(zi—q | Xg, ..., x7) = E[Cov(Z;_4 | Z¢, Xy, ..., x7)] 4+ Cov(E[2;_4 | Z¢, X0, ..., X7])
= E[Et—ﬂt—l - Lt—1§t|t—1l‘-tr—1] + Cov (2t—1|t—1 + Lt—l(zt — 21:|1:—1))

=X, 11t—1 — L 1zt|t 1 Li 4 +COV(Zt 1t—1 T L 1(Zt_zt|t 1)|xo;--- xT)

— Zt—llt—l + Lt—l(ztlT — ztlt—l)l’t—l



Summary: Smoothing for LDSs 21 = El2s | Xo, ., %]

Xg)c = Cov(zs | X, ..., X¢)

* Goal. Given 6 and (xg, ..., X7), compute
Pe(z; | Xo, ..., XT)

* Algorithm (known as “Rauch-Tung-Striebel smoother”).
1. (Forward Pass) Run Kalman filtering to compute Z;, ft|t and Z; 4 1¢, ft+1|t forallt

2. (Backward Pass) Fort =T, ..., 1, compute the following:

3 =§_ _ AT/Z\_l_
t—1 t—-1|t—-1 t|t—1 Computational Trajectory of Smoothing:

. 5 A A A 2OIO 20|1 20|2 20|3
Zt T = Zp-1)t-1 T Lt—l(zt|T - Zt|t—1) 1
Z1)>Z11  Zy)2 21\|3
~ . ~ ~ ~ —I— R A\L . ~
* X qr = Zp_qe-1 T Lt—1(zt|T — Zt|t—1)Lt—1 Zyo  Zap 22z 223

Z31—>23)3

Remark: L;_; might also be computed in the forward pass Z3l0  Z31




I_ea rn I ﬂg Model Parameters:

Linear Dynamical Systems (LDSs) e 0 :=(my,2yp,A4,Q,C,R)

. . . O
* Learning. Given N observations {xo:T} , find best 6

n=1
(n)

N
méix Hn:l Po (xO:T

 We can perform learning via the EM algorithm
 derivations are algebraically involved and are given at the end of the slides.



Learning (Review Lecture 2)

1-N Ty—1
exp| —5Xi=1 (xi—p) "I (x;—p)
* The likelihood [T}L pe(x;) = ( 2 — ~ ) is maximized at
(2m) 2 det()2

_ Ziv:l(xi T H*)(xi — M*)T empirical covariance

<€

N
. Di=1Xi .
— , Y,
N '« N
empirical mean

* How did we obtain u* and X*?

e Step 0: Rewrite the objective

e maximizing log-likelihood is minimizing NlogdetX + ¥'¥ , (x; — ) T2 1(x; — )
* Step 1: Set the derivative w.r.t. u to 0

* solving it gives u*

e Step 2: Substitute g = p* into the objective, and set the derivative w.rt. 2 1 to 0

m - logdetX + tr(SX~1) is minimized at £ = S/m



I_ea rn | ﬂg Model Parameters:

Linear Dynamical Systems (LDSs) e 0 :=(my,2yp,A4,Q,C,R)

* Learning. Given N observations {xg T)} , find best 6
n=1

méiX H =1 Po (x(n)

* We are going to apply the EM algorithm (iteration: k):

M-step:

E-step:
q (Zo Tlx(n)) Dgk (Zo .T |x(n) 6"+ = argmaxg Z B~ gk (z1xm) [log Pe (xgn% Zo: T)]

n=1




. Model Parameters:
GL

€SSINg . §:= (11y,50,4,0,C,R)

E-step: M-step:
k+1
(Zo Tlx(n)) DPgk (Zo T |x(n) ot

= argmaxg yv_1 Ez~qk(z|x(n)) [log Po (xg %' Zo: T)}

p(Zy) = N (1, o) p(Zilzi—y) = N(Azs—4, Q) p(Yelz,) = N(Cz, R)

* Let guess a solution to the M-step:
e Since w, = E[z,], we guess...: .

E,_ k(. [Z0o]
htl = z z2~q*(z]x™) <——— “empirical mean”
0 N

n=1
* And we guess the covariance should be

g+ i(mq"(zu("))[zo]_”gﬂ) (B, gy 2] = 1)

n=1 N N

“empirical covariance”

* Try having a guess for A**1, @**1, C**1 R**1 yourself...



E-step (iteration: k)

2S|t = ]E[Zslxo, ...,xt]
Lg|¢ = Cov(zg|xg, .-, X¢)

E-step:

qk (ZO:Tlx

(n)

(').

(n)

T) — pﬁk (ZO:T |x()-T,

M-step:
9k+1

= argmaxg 2,’;;1 Ez~qk(2|x(n)) log pg (ng%» ZO:T)}

* In E-step, we will need to compute the expectation Ez~qk(z|x(">) 1.

e “It turns out that” ...... we only need to compute the following expectations:

(n)

[Ek
(n)

]Ek

()
IEk

z,] = [Ez~qk(z|x(n)) |z, ]

:ZtZtT] = IEZqu(Z|x(n))[ZtZtT]

Zez) 4] = IEZqu(Z|x(n))[ZtZtT—1]

* later you will see why...




E-step (iteration: k)

2S|t = ]E[Zslxo, ...,xt]
Lg|¢ = Cov(zg|xg, .-, X¢)

» These expectations can all be computed via smoothing using 8% and X,
* To see this, dropping indices k, n for clarity, we have

Elz:|xo.r] = Elz;|xo, ..., x7] = 247

E[z.,z] |xq.r] = Cov(z|x,, ...

= Zyr + 2127

Elziz;_q|xo.0d = ZgjrLe—1 + Zoyr2_q 7

homework

;xT) + ]E[Ztlxo; T

E-step: M-step:

q (Zo Tlx(n)) Pgk (Zo T |x(n) 6**! = argmaxg Y51 Ez~qk(2|x(")) [log Pe (xg %'ZO T)}
]El(cn) :Zt] = Ez~qk(z|x(n)) [Zt]
El(cn) :th;l'] = Ez~qk(z|x(n)) [th;r]
]El(cn) :th;:r_l] — ]EZqu(le(n)) [th;:r_l]

()

xT][E[Zt |x01 xT]

_ 5 T -1
Li—y = 2¢1)t-14 Zgp—1




I\/l _Ste p ( |te rat | on: k ) p(ZfI(ZZ:)l)==N]\§1(IXZf2, Q) Model Parameters:

e 0 :=(my,2yp,A4,Q,C,R)
p(X,|z,) = N'(Cz¢, R) -

]E](cn) :Zt] b= Ez~qk(zlx(")) [Zt]

6%*1 = argmaxg 2.N_, Ez~qk(z|x(n)) [108 Po (ng%,zofﬂ

]El(cn) :ZtZ;r] = Ez~qk(z|x(n)) [ZtZ-tr]

IE,({n) :ZtZtT_l] = Ez~qk(z|x(n))[ZtZtT—1]

* Observation. In the joint log-likelihood

Po (xO' vy X, 40, e 'ZT) = Do (ZO) H’II;=O pe(xtlzt) Hf=1 Po (Ztlzt—l)l

* 1Ty, Xy only appearin pg(z,)
A, Q only appear in [[¢—1 P (Z¢|2;-1)
C, R only appear in [[{_o po (x;|2,)

* So the objective of the M-step is separable (as in HMMs), this gives ... (next page)



I\/l _Ste p ( |te ratl on: k ) p(ZfI(ZZtg)l)==N]\§1(tz,Zf2, Q) Model Parameters:

e 0 :=(my,2yp,A4,Q,C,R)
p(X|z,) = V(Cz, R) -

0k+1

= argmaxg yv_4 Ez~qk(zlx(n)) [108 Pe (xﬁ,’?%,zwﬂ

* We can therefore decompose M-step into 3 optimization problems (as in HMMs):
M-step (1T, Zy):
(11"3“, Zgﬂ) = argmadxXg 2%’:1 Ez~qk(z|x(n))[108 po ()]

M-step (C, R):
(C**, R**1) = argmaxg XNy E, _k(y xm) | Ei=o log po (21”2,

M-step (4, Q):
(Ak+1, Qk+1) = argmadxg Zg=1 Ez~qk(z|x(n)) [Z{=1 log pg(2;|2¢-1)]

* We will address them one by one next



M-step (1Tq, Zp) PZo) = (o 2o) i l20] = By ge(oaom) 2

IE(n)[tht] = IEZ~qk(Z|x(n)) [ZtZI]

IE(n)[ztzt 1] = IEZqu(Z|x(n))[ZtZtT—1]

(11"5“, 2’5“) = drgmaxg Zﬁ=1 IEZqu(le(n)) [log pe (2o)]

* Since pg(2;,) is Gaussian, we have:
log pg(2o) x —logdetZy — (zo — 7o) 'Z5 ' (zg — 1)

 And now we get this:

A 4




M -Ste p (Tt(); Z() ) B[z ] = IEZ~CI"(zlx(”))[Zt]

IE(n)[tht 1] = IEZqu(Z|x(n))[ZtZI—1]

(ng+1’z’0(+1) = argmlne N log detZO + Zg:l ]EZ"‘-‘C[k(le(n)) [(ZO — nO)Tzal(ZO - no)]

use the definitions of IE,(cn) |zo] and IE,({n) (202} ]

(rk*1,2k+1) = argming N logdetX, + Ny 2y tmy + XN_; tr ([E,((") [zozg]Zgl) —2 YN Al Es N z,]

1 __ Zg=1 IEg,,n) (2]
N Use i t1

* Setting the derivative with respect to T, to 0 yields nk+

Y

2t = argming N - logdetZy + XN_, tr (IEgcn) [zozg]zal) — N -tr (n'&“(n’g”)TZ(jl)

m - logdetX + tr(SX~1) is minimized at £ = §/m
v

N (n) T
k+1 _ 2n=1Ej [202g k+1(  k+1\T
ZO -_— N - 7'[0 (no )




M-step (C, R)

P(X¢|lz;) = NV (Cz, R)

(C**, R**1) = argmaxg X E, _ ik, xm) | Ei=o log Py (x{”|2,)]

l Do (xt )| ) is Gaussian

[E(n)[ ] = [EZqu(le(n))[Zt]

IE(n)[tht 1] = IEZqu(Z|x(n))[ZtZI—1]

(C**1, R**1) = argming N(T + 1) logdetR + ¥N_, >T_, Ezt~qk(zt|x(")) [(xt

—th)TR (2 Czt)]

luse the definitions of E{”[z,] and E{"[z,z{]

.
ming N(T + 1)logdetR + YN_, ¥T_, {tr ((C[E,((n) (z,z]|CT + xﬁ") ( §")) ) R!— ZxE")IE,(Cn) [zt]TCTR‘1>}

e Setting the derivative with respect to C to 0 yields

Ck+l — (Zn 3T A EMz,]T )( 3T OIE(")[ZtZt])_l

Use Ck+1

ming N(T + 1)logdetR + ¥N_, ¥T_, {tr (xgn) (

§”)) R-1_ (")E(n)[zt] (C*+1)TR- )}

0 tr(C™X) B

oC
0 tr(CTXCY)

0C

=XCY+X'¢cy'"

m - logdet X + tr(SX™1) is minimized at X = S/ml

Rk+1

T T
Zn 1Zt 0 (TL)( g:n)) _Ck+1 217¥=1 Z?;:O Egcn)[zt](xg-n))

N(T+1)




I\/l _Ste p (A’ Q) p(Z¢lz¢—1) = N(Az,_1, Q) IE(n)[ ] = [EZqu(le(n))[zt]

(A4+1, Q1) = argmaxg _y E,_ ko0 [51-1 108 Py (Z¢|2,-1)]

IE(n)[tht 1] = IEZqu(Z|x(n))[ZtZI—1]

J Po(Z¢|zy—1) is Gaussian
(Ak+1, Qk+1) = argmlng NT log detQ + Zg=1 Z?;:l ]:EZNCIk(le(n)) [(Zt —_ Azt—l)TQ_l(Zt . AZt_l)]

l use the definitions of IEgl) [z,z]] and IE,(cn) (z,z]_{]

ming NTlogdet @ + SN_y ST, {er (4 (B [2e-120,1) AT + BV [2,211) @ - 2" (2,2, 14T Q)]
e Setting the derivative with respect to A to 0 yields
k N T ™ T N v ™ 1\ Use A%+
AL = ( n=12t=1 E, [ZtZt—l])( n=12t=1 E, [Zt—lzt—l])
A 4

ming NT logdetQ + ¥N_, >1_, {tr (IE,((n) (z,z[]Q7 — IE,(cn) (z,z]_.] (Ak“)TQ_l)}

m - logdetX + tr(SE~1) is minimized at £ = §/m l

dtr(A'X)
0A
9 tr(ATXAY) Qk+1 = SN T EYV[ze2] | -aR Y SN ST BV (20 2]]
Y = XAY + XTAYT — NT




Summary: EM for LDSs (iteration: k)

Given 8%, for each x;, use Kalman Filter & Smoothing to compute:

. [E(n)[ ] = [Ez~qk(z|x(")) [zt|xgn%] ke

E-step
(n)
add indices n, k

° 25“: = ]E[Zslxo, ...,xt]
* Xy = Cov(zg|xg, ..., X¢)
* L =3 1)t— 1ATZt|t 1

[E(n) [tht] — IEZ~qk(Z|x(n)) [tht |x0 '1)-"|

° [E(n)[ztzt 1l =E, ~ gk (z]x™) [tht 11X, 7)']
M-step
Update parameters:
E(
. mktl= Zn=1 B [20]
N
. zlg+1 — Zg:l Egcn)[zozz)r] _ nk+1(nlg+1)T

N
~1
e (B Tt ) B2 )

T T
N(T+1)

-1
Al = ( N=1Xt=1 [El(cn) [ZtZtT—l]) (Z%’=1 Y1 E(n) [Zt—lth—l])

Qk+1 — En=12t=0 Egcn) [thﬂ_AkH Y=12t=0 Eﬁn) [Zt 1Zt]
NT

Kalman Filter & Smoothing can compute

© Elz¢|xor] = 247

o Elzez{|xoq] = Zyr + 2027

o« Elz,z{_1|x0.7] = Lt—1§t|T + 2t|T22_—1|T
via forward & backward passes

A

N

Zol1  Zojlz  Zo|3

T>Z1)1 Z1|2
Zyl0 22117 >Z2)2

Z3l0 Zz|1 Z3|2—>Z3|3

Model Parameters:
e O := (no,ZO,A, Q, C,R)

p(Zy) = N (1, Zg)
p(Zelzp—1) = N(Azi_4, Q)
p(Xelz,) = V(Cz, R)
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  Cov  ( 𝒙 ) = 𝔼  [   (  𝒙 − 𝑪  𝝁 𝒛 )    (  𝒙 − 𝑪  𝝁 𝒛 ) ⊤ ] = 𝔼  [   (  𝑪 𝒛 + 𝒗 − 𝑪  𝝁 𝒛 )    (  𝑪 𝒛 + 𝒗 − 𝑪  𝝁 𝒛 ) ⊤ ]


  = 𝔼  [  𝑪  (  𝒛 −  𝝁 𝒛 )    (  𝒛 −  𝝁 𝒛 ) ⊤  𝑪 ⊤ + 𝑪  (  𝒛 −  𝝁 𝒛 )  𝒗 ⊤ + 𝒗    (  𝒛 −  𝝁 𝒛 ) ⊤  𝑪 ⊤ + 𝒗  𝒗 ⊤ ]


  = 𝑪 ⋅ 𝔼  [   (  𝒛 −  𝝁 𝒛 )    (  𝒛 −  𝝁 𝒛 ) ⊤ ] ⋅  𝑪 ⊤ + 0 + 0 + 𝑹 = 𝑪  𝚺 𝒛  𝑪 ⊤ + 𝑹


  𝒙 = 𝑪 𝒛 + 𝒗


  𝒛 ∼ 𝒩 (  𝝁 𝒛 ,  𝚺 𝒛 )


  𝒗 ∼ 𝒩 ( 0 ,  𝚺 𝒗 )


   [      𝒛    𝒙 ] ∼ 𝒩  (   [       𝝁 𝒛    𝑪  𝝁 𝒛 ] ,  [      𝚺 𝒛   𝚺 𝒛  𝑪 ⊤   𝑪  𝚺 𝒛  𝑪  𝚺 𝒛  𝑪 ⊤ +  𝚺 𝒗 ] )
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   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 T )


   p 𝜃  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  ∀ s , t


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ 𝔼  [   (   𝒛 s −    𝒛 ^  s | t )    (   𝒛 s −    𝒛 ^  s | t ) ⊤ |   𝒙 0 , … ,  𝒙 t ] = Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  𝜃


  (  𝒙 0 , … ,  𝒙 t )


   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 t )


     𝒛 ^  0 | 0 = 𝔼 [  𝒛 0 ∣  𝒙 0 ]


     𝚺 ^  0 | 0


  = Cov  (   𝒛 0 ∣  𝒙 0 )


   𝒛 0


   𝒙 0


   [       𝒛 0     𝒙 0 ]


     𝒛 ^  0 | 0  


     𝚺 ^  0 | 0


   𝒛 0 ∣  𝒙 0


     𝒛 ^  0 | 0


     𝚺 ^  0 | 0


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


   𝝁  a | b =  𝝁 a +  𝚺  a b  𝚺  b b  − 1 ( 𝒃 −  𝝁 b )


   𝚺  a | b =  𝚺  a a −  𝚺  a b  𝚺  b b  − 1  𝚺  b a


   [       𝒛 0     𝒙 0 ]


   [       𝒛 0     𝒙 0 ] ∼ 𝒩  (   [       𝝅 0    𝑪  𝝅 0 ] ,  [      𝚺 0   𝚺 0  𝑪 ⊤   𝑪  𝚺 0  𝑪  𝚺 0  𝑪 ⊤ + 𝑹 ] )


     𝒛 ^  0 | 0


     𝚺 ^  0 | 0


  p  (   Z 0 ) = 𝒩 (  𝝅 0 ,  𝚺 0 )


  p (  X t ∣  𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


  𝒙 = 𝑪 𝒛 + 𝒗


  𝒛 ∼ 𝒩 (  𝝁 𝒛 ,  𝚺 𝒛 )


  𝒗 ∼ 𝒩 ( 0 ,  𝚺 𝒗 )


   [      𝒛    𝒙 ] ∼ 𝒩  (   [       𝝁 𝒛    𝑪  𝝁 𝒛 ] ,  [      𝚺 𝒛   𝚺 𝒛  𝑪 ⊤   𝑪  𝚺 𝒛  𝑪  𝚺 𝒛  𝑪 ⊤ +  𝚺 𝒗 ] )


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


   [       𝒛 0     𝒙 0 ]


     𝒛 ^  0 | 0 = 𝔼 [  𝒛 0 ∣  𝒙 0 ] =  𝝅 0 +  𝚺 0  𝑪 ⊤    (  𝑪  𝚺 0  𝑪 ⊤ + 𝑹 )  − 1 (  𝒙 0 − 𝑪  𝝅 0 )


     𝚺 ^  0 | 0   = Cov  (   𝒛 0 ∣  𝒙 0 ) =  𝚺 0 −  𝚺 0  𝑪 ⊤    (  𝑪  𝚺 0  𝑪 ⊤ + 𝑹 )  − 1 𝑪  𝚺 0


     𝒛 ^  0 | 0


     𝚺 ^  0 | 0


   [       𝒛 0     𝒙 0 ] ∼ 𝒩  (   [       𝝅 0    𝑪  𝝅 0 ] ,  [      𝚺 0   𝚺 0  𝑪 ⊤   𝑪  𝚺 0  𝑪  𝚺 0  𝑪 ⊤ + 𝑹 ] )


   𝝁  a | b =  𝝁 a +  𝚺  a b  𝚺  b b  − 1 ( 𝒃 −  𝝁 b )


   𝚺  a | b =  𝚺  a a −  𝚺  a b  𝚺  b b  − 1  𝚺  b a


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  𝜃


  (  𝒙 0 , … ,  𝒙 t )


   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 t )


     𝒛 ^  0 | 0  


     𝚺 ^  0 | 0


  t = 0


     𝒛 ^  t − 1 | t − 1


     𝚺 ^  t − 1 | t − 1


     𝒛 ^  t | t


     𝚺 ^  t | t


  t


  0


  t


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


     𝒛 ^  0 | 0


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


     𝒛 ^  0 | 0  


     𝚺 ^  0 | 0


   𝒛 0


   [       𝒛 0     𝒙 0 ]


   𝒛 0 ∣  𝒙 0


     𝒛 ^  t − 1 | t − 1


     𝚺 ^  t − 1 | t − 1


     𝒛 ^  t | t


     𝚺 ^  t | t


   𝒙 0 , … ,  𝒙  t − 1


   𝒛 t ∣  𝒙 0 , … ,  𝒙  t − 1


     𝒛 ^  t − 1 | t − 1


     𝚺 ^  t − 1 | t − 1


   [       𝒛 t     𝒙 t ] ∣  𝒙 0 , … ,  𝒙  t − 1


   𝒛 t ∣  𝒙 t ,  𝒙 0 , … ,  𝒙  t − 1


  0


  t


   𝒙 0 , … ,  𝒙  t − 1


  t


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


   𝒛 t |  𝒙 0 , … ,  𝒙  t − 1


     𝒛 ^  t | t − 1


     𝚺 ^  t | t − 1


     𝒛 ^  t | t − 1 = 𝔼  [   𝒛 t ∣  𝒙 0 , … ,  𝒙  t − 1 ] = 𝔼  [  𝑨  𝒛  t − 1 +  𝒘 t ∣  𝒙 0 , … ,  𝒙  t − 1 ] = 𝑨    𝒛 ^  t − 1 | t − 1


     𝚺 ^  t | t − 1 = 𝔼  [   (   𝒛 t −    𝒛 ^  t | t − 1 )    (   𝒛 t −    𝒛 ^  t | t − 1 ) ⊤ |   𝒙 0 , … ,  𝒙  t − 1 ] = ⋯ = 𝑨    𝚺 ^  t − 1 | t − 1  𝑨 ⊤ + 𝑸


     𝒛 ^  t | t


     𝚺 ^  t | t


  p (  Z t ∣  𝒛  t − 1 ) = 𝒩 ( 𝑨  𝒛  t − 1 , 𝑸 )


  Cov ( 𝒙 )


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


   [       𝒛 t     𝒙 t ] |  𝒙 0 , … ,  𝒙  t − 1


   [       𝒛 0     𝒙 0 ]


   [       𝒛 0     𝒙 0 ] ∼ 𝒩  (   [         𝒛 ^  0 | − 1    𝑪    𝒛 ^  0 | − 1 ] ,  [        𝚺 ^  0 | − 1     𝚺 ^  0 | − 1  𝑪 ⊤   𝑪    𝚺 ^  0 | − 1  𝑪    𝚺 ^  0 | − 1  𝑪 ⊤ + 𝑹 ] )


   [       𝒛 t     𝒙 t ] |  𝒙 0 , … ,  𝒙  t − 1


   [       𝒛 t     𝒙 t ] |  𝒙 0 , … ,  𝒙  t − 1 ∼ 𝒩  (   [         𝒛 ^  t | t − 1    𝑪    𝒛 ^  t | t − 1 ] ,  [        𝚺 ^  t | t − 1     𝚺 ^  t | t − 1  𝑪 ⊤   𝑪    𝚺 ^  t | t − 1  𝑪    𝚺 ^  t | t − 1  𝑪 ⊤ + 𝑹 ] )


     𝒛 ^  t | t


     𝚺 ^  t | t


     𝒛 ^  t | t − 1 = 𝑨    𝒛 ^  t − 1 | t − 1


     𝚺 ^  t | t − 1 = 𝑨    𝚺 ^  t − 1 | t − 1  𝑨 ⊤ + 𝑸


     𝒛 ^  0 | − 1 ≔  𝝅 0


     𝚺 ^  0 | − 1 ≔  𝚺 0


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


   [       𝒛 t     𝒙 t ] ∣  𝒙 0 , … ,  𝒙  t − 1


   [       𝒛 0     𝒙 0 ]


     𝒛 ^  0 | 0 =    𝒛 ^  0 | − 1 +    𝚺 ^  0 | − 1  𝑪 ⊤    (  𝑪    𝚺 ^  0 | − 1  𝑪 ⊤ + 𝑹 )  − 1 (  𝒙 0 − 𝑪    𝒛 ^  0 | − 1 )


     𝚺 ^  0 | 0 =    𝚺 ^  0 | − 1 −    𝚺 ^  0 | − 1  𝑪 ⊤    (  𝑪    𝚺 ^  0 | − 1  𝑪 ⊤ + 𝑹 )  − 1 𝑪    𝚺 ^  0 | − 1


   [       𝒛 t     𝒙 t ] ∣  𝒙 0 , … ,  𝒙  t − 1


     𝒛 ^  t | t =    𝒛 ^  t | t − 1 +    𝚺 ^  t | t − 1  𝑪 ⊤    (  𝑪    𝚺 ^  t | t − 1  𝑪 ⊤ + 𝑹 )  − 1 (  𝒙 t − 𝑪    𝒛 ^  t | t − 1 )


     𝚺 ^  t | t =    𝚺 ^  t | t − 1 −    𝚺 ^  t | t − 1  𝑪 ⊤    (  𝑪    𝚺 ^  t | t − 1  𝑪 ⊤ + 𝑹 )  − 1 𝑪    𝚺 ^  t | t − 1


     𝒛 ^  t | t


     𝚺 ^  t | t


   𝑲 t


     𝒛 ^  t | t − 1 = 𝑨    𝒛 ^  t − 1 | t − 1


     𝚺 ^  t | t − 1 = 𝑨    𝚺 ^  t − 1 | t − 1  𝑨 ⊤ + 𝑸


     𝒛 ^  0 | − 1 ≔  𝝅 0


     𝚺 ^  0 | − 1 ≔  𝚺 0


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


     𝒛 ^  0 | − 1 ≔  𝝅 0


     𝚺 ^  0 | − 1 ≔  𝚺 0


  ∀ t = 0 , … , T


   𝑲 t =    𝚺 ^  t | t − 1  𝑪 ⊤    (  𝑪    𝚺 ^  t | t − 1  𝑪 ⊤ + 𝑹 )  − 1


     𝒛 ^  t | t =    𝒛 ^  t | t − 1 +  𝑲 t (  𝒙 t − 𝑪    𝒛 ^  t | t − 1 )


     𝚺 ^  t | t =    𝚺 ^  t | t − 1 −  𝑲 t 𝑪    𝚺 ^  t | t − 1


     𝒛 ^  t + 1 | t = 𝑨    𝒛 ^  t | t  


     𝚺 ^  t + 1 | t = 𝑨    𝚺 ^  t | t  𝑨 ⊤ + 𝑸


     𝒛 ^  0 | 0


  p (  𝒛  t − 1 ∣  𝒙 0 , … ,  𝒙  t − 1 )


  p (  𝒛 t ∣  𝒙 0 , … ,  𝒙  t − 1 )


  p (  𝒛 t ,  𝒙 t ∣  𝒙 0 , … ,  𝒙  t − 1 )


  p (  𝒛 t ∣  𝒙 0 , … ,  𝒙  t − 1 ,  𝒙 t )


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


  p  (   Z 0 ) = 𝒩 (  𝝅 0 ,  𝚺 0 )


  p (  Z t ∣  𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


  p (  X t ∣  𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  𝜃


  (  𝒙 0 , … ,  𝒙 t )


   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 t )


  𝜃


  (  𝒙 0 , … ,  𝒙 T )


   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 T )


     𝒛 ^  t | T


     𝚺 ^  t | T


  t


     𝒛 ^  0 | 0


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


     𝒛 ^  0 | 0


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


     𝒛 ^  t | t


     𝚺 ^  t | t


     𝒛 ^  t | t − 1


     𝚺 ^  t | t − 1


  t


     𝒛 ^  t | T


     𝚺 ^  t | T


     𝒛 ^  t − 1 | T


     𝚺 ^  t − 1 | T


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


   𝒛  t − 1


   𝒙 t , …  𝒙 T


   𝒛 t


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙  t − 1 ) =  p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙  t − 1 )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T )


     𝒛 ^  t | T


     𝚺 ^  t | T


     𝒛 ^  t − 1 | T


     𝚺 ^  t − 1 | T


     𝒛 ^  t | t


     𝚺 ^  t | t


     𝒛 ^  t | t − 1


     𝚺 ^  t | t − 1


  t


     𝒛 ^  t | T


     𝚺 ^  t | T


     𝒛 ^  t − 1 | T


     𝚺 ^  t − 1 | T


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  𝜃


  (  𝒙 0 , … ,  𝒙 T )


   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 T )


     𝒛 ^  t | t


     𝚺 ^  t | t


     𝒛 ^  t + 1 | t


     𝚺 ^  t + 1 | t


  t


  t = T , … , 1


   𝑳  t − 1 =    𝚺 ^  t − 1 | t − 1  𝑨 ⊤    𝚺 ^  t | t − 1  − 1


     𝒛 ^  t − 1 | T =    𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (     𝒛 ^  t | T −    𝒛 ^  t | t − 1 )


     𝚺 ^  t − 1 | T =    𝚺 ^  t − 1 | t − 1 +  𝑳  t − 1 (    𝚺 ^  t | T −    𝚺 ^  t | t − 1 )  𝑳  t − 1 ⊤


     𝒛 ^  0 | 0


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


   𝑳  t − 1


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  𝜃


  (  𝒙 0 , … ,  𝒙 T )


      argmax   𝒛 0 , … ,  𝒛 T ⁡   p 𝜃  (   𝒛 0 , … ,  𝒛 T ∣  𝒙 0 , … ,  𝒙 T )


  N  


     {   𝒙  0 : T  ( n ) }  n = 1 N


  𝜃


    max 𝜃  ∏  n = 1 N   p 𝜃 (  𝒙  0 : T   ( n ) )  


  𝜃


  (  𝒙 0 , … ,  𝒙 T )


      argmax   𝒛 0 , … ,  𝒛 T ⁡   p 𝜃  (   𝒛 0 , … ,  𝒛 T ∣  𝒙 0 , … ,  𝒙 T )


   p 𝜃  (   𝒛 0 , … ,  𝒛 T ∣  𝒙 0 , … ,  𝒙 T )


  𝔼  [   [       𝒛 0     𝒛 1    ⋮     𝒛 T ] ∣   𝒙 0 , … ,  𝒙 T ] =  [      𝔼 [  𝒛 0 ∣  𝒙 0 , … ,  𝒙 T ]    𝔼 [  𝒛 1 ∣  𝒙 0 , … ,  𝒙 T ]    ⋮    𝔼 [  𝒛 T ∣  𝒙 0 , … ,  𝒙 T ] ] =  [         𝒛 ^  0 | T       𝒛 ^  1 | T    ⋮       𝒛 ^  T | T ]


     𝒛 ^  t | t


      max   𝒛 t ⁡   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 t )


     𝒛 ^  s | t ≔ 𝔼  [   𝒛 s |   𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s |  𝒙 0 , … ,  𝒙 t )


  N  


     {   𝒙  0 : T  ( n ) }  n = 1 N


  𝜃


    max 𝜃  ∏  n = 1 N   p 𝜃 (  𝒙  0 : T   ( n ) )  


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


       Z 0


        Z 1


      Z  T − 1


  ⋯ ⋯


        Z T


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


  N  


     {   𝒙  0 : T  ( n ) }  n = 1 N


  𝜃


    max 𝜃  ∏  n = 1 N   p 𝜃 (  𝒙  0 : T   ( n ) )  


  k


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


   q k  (   𝒛  0 : T |  𝒙  0 : T   ( n ) ) =  p   𝜃 k  (   𝒛  0 : T   |  𝒙  0 : T   ( n ) )


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


       Z 0


        Z 1


      Z  T − 1


  ⋯ ⋯


        Z T


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


  z ≔  𝒛  0 : T ,    x  ( n ) ≔  𝒙  0 : T  ( n )


   𝝅 0 = 𝔼  [   𝒛 0 ]


   𝝅 0  k + 1 =  ∑  n = 1 N     𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 0 ] N


   𝚺 0  k + 1 =  ∑  n = 1 N     (   𝔼   q k  (  z |  x   ( n ) )  [   𝒛 0 ] −  𝝅 0  k + 1 )    (   𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 0 ] −  𝝅 0  k + 1 ) ⊤ N


   𝚺 0  k + 1 ,  𝑨  k + 1 ,  𝑸  k + 1 ,  𝑪  k + 1 ,  𝑹  k + 1


   q k  (   𝒛  0 : T |  𝒙  0 : T   ( n ) ) =  p   𝜃 k  (   𝒛  0 : T   |  𝒙  0 : T   ( n ) )


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


  p  (   Z 0 ) = 𝒩  (   𝝅 0 ,  𝚺 0 )                                       p  (   Z t |   𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


  p  (   Y t |   𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


  k


  𝔼  [   𝒛 t |  𝒙  0 : T ] =    𝒛 ^  t | T


  𝔼  [   𝒛 t  𝒛 t ⊤ |  𝒙  0 : T ] =    𝚺 ^  t | T +    𝒛 ^  t | T    𝒛 ^  t | T ⊤


  𝔼  [   𝒛 t  𝒛  t − 1 ⊤ |  𝒙  0 : T ] =  𝑳  t − 1    𝚺 ^  t | T +    𝒛 ^  t | T    𝒛 ^  t − 1 | T ⊤


     𝒛 ^  0 | 0


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


   𝜃 k


   𝒙  0 : T   ( n )


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t |  𝒙  0 : T   ( n ) ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t  𝒛 t ⊤ |  𝒙  0 : T   ( n ) ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t  𝒛  t − 1 ⊤ |  𝒙  0 : T   ( n ) ]


  n ,   k


   𝝅 0  k + 1 =    ∑  n = 1 N   𝔼 k  ( n )  [   𝒛 0 ] N


   𝚺 0  k + 1 =    ∑  n = 1 N   𝔼 k  ( n )  [   𝒛 0  𝒛 0 ⊤ ] N −  𝝅 0  k + 1    (   𝝅 0  k + 1 ) ⊤


   𝑪  k + 1 =  (   ∑  n = 1 N   ∑  t = 0 T   𝒙 t   ( n )    𝔼 k  ( n )  [   𝒛 t ] ⊤ )    (   ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] )  − 1


   𝑹  k + 1 =    ∑  n = 1 N   ∑  t = 0 T   𝒙 t   ( n )    (   𝒙 t   ( n ) ) ⊤ −  𝑪  k + 1  ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t ]    (   𝒙 t   ( n ) ) ⊤  N ( T + 1 )


   𝑨  k + 1 =  (   ∑  n = 1 N   ∑  t = 1 T   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] )    (   ∑  n = 1 N   ∑  t = 1 T   𝔼 k  ( n )  [   𝒛  t − 1  𝒛  t − 1 ⊤ ] )  − 1


   𝑸  k + 1 =    ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] −  𝑨  k + 1  ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛  t − 1  𝒛 t ⊤ ]  N T


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


  p  (   Z 0 ) = 𝒩 (  𝝅 0 ,  𝚺 0 )


  p  (   Z t |   𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


  p  (   X t |   𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


     𝒛 ^  s | t ≔ 𝔼  [   𝒛 s |   𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s |  𝒙 0 , … ,  𝒙 t )


   𝑳  t − 1 ≔    𝚺 ^  t − 1 | t − 1  𝑨 ⊤    𝚺 ^  t | t − 1  − 1


   Z t =  𝑨 t  𝒛  t − 1 +  𝒘 t


   X t =  𝑪 t  𝒛 t +  𝒗 t


   Z t = 𝑨  𝒛  t − 1 + 𝑼  q t +  𝒘 t


   Z t = f  (   𝒛  t − 1 ) +  𝒘 t ,      X t = g (  𝒛 t ) +  𝒗 t


       Z 0


        Z 1


      Z  T − 1


  ⋯ ⋯


        Z T


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


     𝒛 ^  0 | 0


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  1 | 2


     𝒛 ^  3 | 1


     𝒛 ^  2 | 1


  p (  𝒛  t − 1 ∣  𝒙 0 , … ,  𝒙  t − 1 )


  p (  𝒛 t ∣  𝒙 0 , … ,  𝒙  t − 1 )


  p (  𝒛 t ,  𝒙 t ∣  𝒙 0 , … ,  𝒙  t − 1 )


  p (  𝒛 t ∣  𝒙 0 , … ,  𝒙  t − 1 ,  𝒙 t )


  𝔼  [ 𝒂 ] =  𝔼 b  [   𝔼 a [ 𝒂 ∣ 𝒃 ] ]


  Cov  ( 𝒂 ) = 𝔼  [  Cov  (  𝒂 ∣ 𝒃 ) ] + Cov  (  𝔼 [ 𝒂 ∣ 𝒃 ] )


  Cov  (  𝒂 , 𝒃 ) ≔ 𝔼  [   (  𝒂 − 𝔼  [ 𝒂 ] )    (  𝒃 − 𝔼  [ 𝒃 ] ) ⊤ ]


  Cov  ( 𝒂 ) ≔ Cov  (  𝒂 , 𝒂 )


   𝒛  t − 1


   𝒙 t , …  𝒙 T


   𝒛 t


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙  t − 1 ) =  p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙  t − 1 )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T )


     𝒛 ^  t | T


     𝚺 ^  t | T


     𝒛 ^  t − 1 | T


     𝚺 ^  t − 1 | T


     𝒛 ^  t | t


     𝚺 ^  t | t


     𝒛 ^  t | t − 1


     𝚺 ^  t | t − 1


  t


     𝒛 ^  t | T


     𝚺 ^  t | T


     𝒛 ^  t − 1 | T


     𝚺 ^  t − 1 | T


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙  t − 1 )


   [       𝒛  t − 1     𝒛 t ] ∣  𝒙 0 , … ,  𝒙  t − 1


   [       𝒛  t − 1     𝒛 t ] |  𝒙 0 , … ,  𝒙  t − 1 ∼ 𝒩  (   [         𝒛 ^  t − 1 | t − 1       𝒛 ^  t | t − 1 ] ,  [        𝚺 ^  t − 1 | t − 1     𝚺 ^  t − 1 | t − 1  𝑨 ⊤   𝑨    𝚺 ^  t − 1 | t − 1     𝚺 ^  t | t − 1 ] )


   𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙  t − 1


  𝒩  (     𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (   𝒛 t −    𝒛 ^  t | t − 1 ) ,    𝚺 ^  t − 1 | t − 1 −  𝑳  t − 1 𝑨    𝚺 ^  t − 1 | t − 1 )


  𝒙 = 𝑪 𝒛 + 𝒗


  𝒛 ∼ 𝒩 (  𝝁 𝒛 ,  𝚺 𝒛 )


  𝒗 ∼ 𝒩 ( 0 ,  𝚺 𝒗 )


   [      𝒛    𝒙 ] ∼ 𝒩  (   [       𝝁 𝒛    𝑪  𝝁 𝒛 ] ,  [      𝚺 𝒛   𝚺 𝒛  𝑪 ⊤   𝑪  𝚺 𝒛  𝑪  𝚺 𝒛  𝑪 ⊤ +  𝚺 𝒗 ] )


   𝝁  a | b =  𝝁 a +  𝚺  a b  𝚺  b b  − 1 ( 𝒃 −  𝝁 b )


   𝚺  a | b =  𝚺  a a −  𝚺  a b  𝚺  b b  − 1  𝚺  b a


     𝚺 ^  t | t − 1 = 𝑨    𝚺 ^  t − 1 | t − 1  𝑨 ⊤ + 𝑸


   𝑳  t − 1 𝑨    𝚺 ^  t − 1 | t − 1 =  𝑳  t − 1    𝚺 ^  t | t − 1  𝑳  t − 1 ⊤


     𝚺 ^  t − 1 | t − 1 −  𝑳  t − 1 𝑨    𝚺 ^  t − 1 | t − 1


   𝑳  t − 1 ≔    𝚺 ^  t − 1 | t − 1  𝑨 ⊤    𝚺 ^  t | t − 1  − 1


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  p (  Z t ∣  𝒛  t − 1 ) = 𝒩 ( 𝑨  𝒛  t − 1 , 𝑸 )


   p 𝜃 (  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T ) = 𝒩  (     𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (   𝒛 t −    𝒛 ^  t | t − 1 ) ,    𝚺 ^  t − 1 | t − 1 −  𝑳  t − 1    𝚺 ^  t | t − 1  𝑳  t − 1 ⊤ )


     𝒛 ^  t | T


     𝚺 ^  t | T


     𝒛 ^  t − 1 | T


     𝚺 ^  t − 1 | T


     𝒛 ^  t − 1 | T = 𝔼  [   𝒛  t − 1 |   𝒙 0 , … ,  𝒙 T ] =  𝔼   𝒛 t  [   𝔼   𝒛  t − 1 [  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T ] ]


  =  𝔼   𝒛 t  [     𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (   𝒛 t −    𝒛 ^  t | t − 1 ) ∣  𝒙 0 , … ,  𝒙 T ]


  =    𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (     𝒛 ^  t | T −    𝒛 ^  t | t − 1 )


     𝚺 ^  t − 1 | T = Cov (  𝒛  t − 1 ∣  𝒙 0 , … ,  𝒙 T ) = 𝔼  [  Cov  (   𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T ) ] + Cov  (  𝔼 [  𝒛  t − 1 ∣  𝒛 t ,  𝒙 0 , … ,  𝒙 T ] )


  = 𝔼  [     𝚺 ^  t − 1 | t − 1 −  𝑳  t − 1    𝚺 ^  t | t − 1  𝑳  t − 1 ⊤ ] + Cov  (     𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (   𝒛 t −    𝒛 ^  t | t − 1 ) )


  =    𝚺 ^  t − 1 | t − 1 −  𝑳  t − 1    𝚺 ^  t | t − 1  𝑳  t − 1 ⊤ + Cov  (     𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (   𝒛 t −    𝒛 ^  t | t − 1 ) |  𝒙 0 , … ,  𝒙 T )


  =    𝚺 ^  t − 1 | t − 1 +  𝑳  t − 1 (    𝚺 ^  t | T −    𝚺 ^  t | t − 1 )  𝑳  t − 1 ⊤


   𝑳  t − 1 =    𝚺 ^  t − 1 | t − 1  𝑨 ⊤    𝚺 ^  t | t − 1  − 1


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  𝜃


  (  𝒙 0 , … ,  𝒙 T )


   p 𝜃  (   𝒛 t ∣  𝒙 0 , … ,  𝒙 T )


     𝒛 ^  t | t


     𝚺 ^  t | t


     𝒛 ^  t + 1 | t


     𝚺 ^  t + 1 | t


  t


  t = T , … , 1


   𝑳  t − 1 =    𝚺 ^  t − 1 | t − 1  𝑨 ⊤    𝚺 ^  t | t − 1  − 1


     𝒛 ^  t − 1 | T =    𝒛 ^  t − 1 | t − 1 +  𝑳  t − 1  (     𝒛 ^  t | T −    𝒛 ^  t | t − 1 )


     𝚺 ^  t − 1 | T =    𝚺 ^  t − 1 | t − 1 +  𝑳  t − 1 (    𝚺 ^  t | T −    𝚺 ^  t | t − 1 )  𝑳  t − 1 ⊤


     𝒛 ^  0 | 0


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


   𝑳  t − 1


     𝒛 ^  s | t ≔ 𝔼 [  𝒛 s ∣  𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s ∣  𝒙 0 , … ,  𝒙 t )


  N  


     {   𝒙  0 : T  ( n ) }  n = 1 N


  𝜃


    max 𝜃  ∏  n = 1 N   p 𝜃 (  𝒙  0 : T   ( n ) )  


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


       Z 0


        Z 1


      Z  T − 1


  ⋯ ⋯


        Z T


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


   ∏  i = 1 N   p 𝜃  (   𝒙 i )   =   exp ⁡  (  −  1 2  ∑  i = 1 N      (   𝒙 i − 𝝁 ) ⊤  𝚺  − 1  (   𝒙 i − 𝝁 ) )  ( 2 𝝅  )    N D 2 det ⁡ ( 𝚺  )   N 2


   𝝁 ∗ =      ∑  i = 1 N  𝒙 i N ,              𝚺 ∗ =    ∑  i = 1 N    (   𝒙 i −  𝝁 ∗ )    (   𝒙 i −  𝝁 ∗ ) ⊤ N


   𝝁 ∗


   𝚺 ∗


  N   log ⁡    det ⁡ 𝚺 +  ∑  i = 1 N      (   𝒙 i − 𝝁 ) ⊤  𝚺  − 1  (   𝒙 i − 𝝁 )


  𝝁


  0


   𝝁 ∗


  𝝁 =  𝝁 ∗


   𝚺  − 1


  0


  m ⋅   log ⁡    det ⁡ 𝚺 + tr  (  𝑺  𝚺  − 1 )


  𝚺 = 𝑺 / m


  N  


     {   𝒙  0 : T  ( n ) }  n = 1 N


  𝜃


    max 𝜃  ∏  n = 1 N   p 𝜃 (  𝒙  0 : T   ( n ) )  


  k


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


   q k  (   𝒛  0 : T |  𝒙  0 : T   ( n ) ) =  p   𝜃 k  (   𝒛  0 : T   |  𝒙  0 : T   ( n ) )


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


       Z 0


        Z 1


      Z  T − 1


  ⋯ ⋯


        Z T


       X 0


        X 1


      X  T − 1


  ⋯ ⋯


        X T


   𝝅 0 = 𝔼  [   𝒛 0 ]


   𝝅 0  k + 1 =  ∑  n = 1 N     𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 0 ] N


   𝚺 0  k + 1 =  ∑  n = 1 N     (   𝔼   q k  (  z |  x   ( n ) )  [   𝒛 0 ] −  𝝅 0  k + 1 )    (   𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 0 ] −  𝝅 0  k + 1 ) ⊤ N


   𝑨  k + 1 ,  𝑸  k + 1 ,  𝑪  k + 1 ,  𝑹  k + 1


   q k  (   𝒛  0 : T |  𝒙  0 : T   ( n ) ) =  p   𝜃 k  (   𝒛  0 : T   |  𝒙  0 : T   ( n ) )


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


  p  (   Z 0 ) = 𝒩  (   𝝅 0 ,  𝚺 0 )                                       p  (   Z t |   𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


  p  (   Y t |   𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


   𝔼  z ∼  q k  (  z |  x   ( n ) ) [ ⋅ ]


  k


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


     𝒛 ^  s | t ≔ 𝔼  [   𝒛 s |   𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s |  𝒙 0 , … ,  𝒙 t )


   q k  (   𝒛  0 : T |  𝒙  0 : T   ( n ) ) =  p   𝜃 k  (   𝒛  0 : T   |  𝒙  0 : T   ( n ) )


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


   𝜃 k


   𝒙  0 : T   ( n )


  k , n


  𝔼  [   𝒛 t |  𝒙  0 : T ] = 𝔼  [   𝒛 t |  𝒙 0 , … ,  𝒙 T ] =    𝒛 ^  t | T


  𝔼  [   𝒛 t  𝒛 t ⊤ |  𝒙  0 : T ] = Cov  (   𝒛 t |  𝒙 0 , … ,  𝒙 T ) + 𝔼  [   𝒛 t |  𝒙 0 , … ,  𝒙 T ] 𝔼  [   𝒛 t ⊤ |  𝒙 0 , … ,  𝒙 T ]


  =    𝚺 ^  t | T +    𝒛 ^  t | T    𝒛 ^  t | T ⊤


  𝔼  [   𝒛 t  𝒛  t − 1 ⊤ |  𝒙  0 : T ] =    𝚺 ^  t | T  𝑳  t − 1 ⊤ +    𝒛 ^  t | T    𝒛 ^  t − 1 | T ⊤


  k


   𝑳  t − 1 =    𝚺 ^  t − 1 | t − 1  𝑨 ⊤    𝚺 ^  t | t − 1  − 1


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


   q k  (   𝒛  0 : T |  𝒙  0 : T   ( n ) ) =  p   𝜃 k  (   𝒛  0 : T   |  𝒙  0 : T   ( n ) )


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


     𝒛 ^  s | t ≔ 𝔼  [   𝒛 s |   𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s |  𝒙 0 , … ,  𝒙 t )


   p 𝜃  (   𝒙 0 , … ,  𝒙 T ,  𝒛 0 , … ,  𝒛 T ) =  p 𝜃 (  𝒛 0 )  ∏  t = 0 T   p 𝜃  (   𝒙 t |   𝒛 t )  ∏  t = 1 T   p 𝜃 (  𝒛 t |  𝒛  t − 1 )


   𝝅 0 ,  𝚺 0


   p 𝜃 (  𝒛 0 )


  𝑨 , 𝑸


   ∏  t = 1 T   p 𝜃 (  𝒛 t |  𝒛  t − 1 )


  𝑪 , 𝑹


   ∏  t = 0 T   p 𝜃  (   𝒙 t |   𝒛 t )


  k


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


  p  (   Z 0 ) = 𝒩 (  𝝅 0 ,  𝚺 0 )


  p  (   Z t |   𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


  p  (   X t |   𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


  k


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


   𝝅 0 ,  𝚺 0


  (  𝝅 0  k + 1 ,  𝚺 0  k + 1 ) =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃 (  𝒛 0 ) ]


  𝑪 , 𝑹


  (  𝑪  k + 1 ,  𝑹  k + 1 ) =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [   ∑  t = 0 T    log ⁡   p 𝜃  (   𝒙 t  ( n ) |   𝒛 t ) ]


  𝑨 , 𝑸


  (  𝑨  k + 1 ,  𝑸  k + 1 ) =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [   ∑  t = 1 T    log ⁡   p 𝜃 (  𝒛 t |  𝒛  t − 1 ) ]


   𝜃  k + 1 =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃  (   𝒙  0 : T   ( n ) ,  𝒛  0 : T ) ]


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


  p  (   Z 0 ) = 𝒩 (  𝝅 0 ,  𝚺 0 )


  p  (   Z t |   𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


  p  (   X t |   𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


   p 𝜃 (  𝒛 0 )


    log ⁡   p 𝜃 (  𝒛 0 ) ∝ −   log ⁡    det ⁡   𝚺 0 −    (   𝒛 0 −  𝝅 0 ) ⊤  𝚺 0  − 1  (   𝒛 0 −  𝝅 0 )


   𝝅 0 ,  𝚺 0


  (  𝝅 0  k + 1 ,  𝚺 0  k + 1 ) =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [    log ⁡   p 𝜃 (  𝒛 0 ) ]


  p  (   Z 0 ) = 𝒩 (  𝝅 0 ,  𝚺 0 )


  (  𝝅 0  k + 1 ,  𝚺 0  k + 1 ) =     argmin 𝜃 ⁡  N   log ⁡    det ⁡   𝚺 0 +  ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [     (   𝒛 0 −  𝝅 0 ) ⊤  𝚺 0  − 1  (   𝒛 0 −  𝝅 0 ) ]


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


   𝝅 0


  0


   𝝅 0  k + 1 =    ∑  n = 1 N   𝔼 k  ( n )  [   𝒛 0 ] N


   𝝅 0 ,  𝚺 0


  (  𝝅 0  k + 1 ,  𝚺 0  k + 1 ) =     argmin 𝜃 ⁡  N   log ⁡    det ⁡   𝚺 0 +  ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [     (   𝒛 0 −  𝝅 0 ) ⊤  𝚺 0  − 1  (   𝒛 0 −  𝝅 0 ) ]


   (   𝝅 0  k + 1 ,  𝚺 0  k + 1 ) =     argmin 𝜃 ⁡  N   log ⁡    det ⁡   𝚺 0 + N  𝝅 0 ⊤  𝚺 0  − 1  𝝅 0 +  ∑  n = 1 N  tr  (   𝔼 k  ( n )  [   𝒛 0  𝒛 0 ⊤ ]  𝚺 0  − 1 ) − 2  ∑  n = 1 N   𝝅 0 ⊤  𝚺 0  − 1  𝔼 k  ( n )  [   𝒛 0 ]


   𝚺 0  k + 1 =     argmin 𝜃 ⁡  N ⋅   log ⁡    det ⁡   𝚺 0 +  ∑  n = 1 N  tr  (   𝔼 k  ( n )  [   𝒛 0  𝒛 0 ⊤ ]  𝚺 0  − 1 ) − N ⋅ tr  (   𝝅 0  k + 1    (   𝝅 0  k + 1 ) ⊤  𝚺 0  − 1 )


   𝔼 k  ( n )  [   𝒛 0 ]  


   𝔼 k  ( n )  [   𝒛 0  𝒛 0 ⊤ ]


   𝚺 0  k + 1 =    ∑  n = 1 N   𝔼 k  ( n )  [   𝒛 0  𝒛 0 ⊤ ] N −  𝝅 0  k + 1    (   𝝅 0  k + 1 ) ⊤


   𝝅 0  k + 1


  m ⋅   log ⁡    det ⁡ 𝚺 + tr  (  𝑺  𝚺  − 1 )


  𝚺 = 𝑺 / m


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


  𝑪  


  0


   𝑪  k + 1 =  (   ∑  n = 1 N   ∑  t = 0 T   𝒙 t   ( n )    𝔼 k  ( n )  [   𝒛 t ] ⊤ )    (   ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] )  − 1


  𝑪 , 𝑹


  ℙ  (   X t |   𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


  (  𝑪  k + 1 ,  𝑹  k + 1 ) =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [   ∑  t = 0 T    log ⁡   p 𝜃  (   𝒙 t  ( n ) |   𝒛 t ) ]


  (  𝑪  k + 1 ,  𝑹  k + 1 ) =     argmin 𝜃 ⁡  N ( T + 1 )   log ⁡    det ⁡ 𝑹 +  ∑  n = 1 N   ∑  t = 0 T   𝔼   𝒛 t ∼  q k  (   𝒛 t |  x   ( n ) )  [     (   𝒙 t   ( n ) − 𝑪  𝒛 t ) ⊤  𝑹  − 1  (   𝒙 t   ( n ) − 𝑪  𝒛 t ) ]


   p 𝜃  (   𝒙 t  ( n ) |   𝒛 t )  


      min 𝜃 ⁡  N ( T + 1 )   log ⁡    det ⁡ 𝑹 +  ∑  n = 1 N   ∑  t = 0 T   {  tr  (   (  𝑪  𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ]  𝑪 ⊤ +  𝒙 t   ( n )    (   𝒙 t   ( n ) ) ⊤ )  𝑹  − 1 − 2  𝒙 t   ( n )    𝔼 k  ( n )  [   𝒛 t ] ⊤  𝑪 ⊤  𝑹  − 1 ) }


   𝔼 k  ( n )  [   𝒛 t ]  


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ]


   𝑪  k + 1


      min 𝜃 ⁡  N ( T + 1 )   log ⁡    det ⁡ 𝑹 +  ∑  n = 1 N   ∑  t = 0 T   {  tr  (   𝒙 t   ( n )    (   𝒙 t   ( n ) ) ⊤  𝑹  − 1 −  𝒙 t   ( n )    𝔼 k  ( n )  [   𝒛 t ] ⊤   (  𝑪  k + 1 ) ⊤  𝑹  − 1 ) }


   𝑹  k + 1 =    ∑  n = 1 N   ∑  t = 0 T   𝒙 t   ( n )    (   𝒙 t   ( n ) ) ⊤ −  𝑪  k + 1  ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t ]    (   𝒙 t   ( n ) ) ⊤  N ( T + 1 )


    𝜕   tr  (   𝑪 ⊤ 𝑿 )  𝜕 𝑪 = 𝑿


    𝜕   tr  (   𝑪 ⊤ 𝑿 𝑪 𝒀 )  𝜕 𝑪 = 𝑿 𝑪 𝒀 +  𝑿 ⊤ 𝑪  𝒀 ⊤


  m ⋅   log ⁡    det ⁡ 𝚺 + tr  (  𝑺  𝚺  − 1 )


  𝚺 = 𝑺 / m


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


  𝑨


  0


   𝑨  k + 1 =  (   ∑  n = 1 N   ∑  t = 1 T   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] )    (   ∑  n = 1 N   ∑  t = 1 T   𝔼 k  ( n )  [   𝒛  t − 1  𝒛  t − 1 ⊤ ] )  − 1


  𝑨 , 𝑸


  (  𝑨  k + 1 ,  𝑸  k + 1 ) =     argmax θ ⁡   ∑  n = 1 N   𝔼  z ∼  q k  (  z |  x   ( n ) )  [   ∑  t = 1 T    log ⁡   p 𝜃 (  𝒛 t |  𝒛  t − 1 ) ]


   p 𝜃 (  𝒛 t |  𝒛  t − 1 )


  (  𝑨  k + 1 ,  𝑸  k + 1 ) =     argmin 𝜃 ⁡  N T   log ⁡    det ⁡ 𝑸 +  ∑  n = 1 N   ∑  t = 1 T   𝔼  z ∼  q k  (  z |  x   ( n ) )  [     (   𝒛 t − 𝑨  𝒛  t − 1 ) ⊤  𝑸  − 1  (   𝒛 t − 𝑨  𝒛  t − 1 ) ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ]  


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ]


      min 𝜃 ⁡  N T   log ⁡    det ⁡ 𝑸 +  ∑  n = 1 N   ∑  t = 1 T   {  tr  (   (  𝑨  (   𝔼 k  ( n )  [   𝒛  t − 1  𝒛  t − 1 ⊤ ] )  𝑨 ⊤ +  𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] )  𝑸  − 1 − 2  𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ]  𝑨 ⊤  𝑸  − 1 ) }


  p  (   Z t |   𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


   𝑨  k + 1


      min 𝜃 ⁡  N T   log ⁡    det ⁡ 𝑸 +  ∑  n = 1 N   ∑  t = 1 T   {  tr  (   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ]  𝑸  − 1 −    𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] (  𝑨  k + 1 ) ⊤  𝑸  − 1 ) }


   𝑸  k + 1 =    ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] −  𝑨  k + 1  ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛  t − 1  𝒛 t ⊤ ]  N T


    𝜕   tr  (   𝑨 ⊤ 𝑿 )  𝜕 𝑨 = 𝑿


    𝜕   tr  (   𝑨 ⊤ 𝑿 𝑨 𝒀 )  𝜕 𝑨 = 𝑿 𝑨 𝒀 +  𝑿 ⊤ 𝑨  𝒀 ⊤


  m ⋅   log ⁡    det ⁡ 𝚺 + tr  (  𝑺  𝚺  − 1 )


  𝚺 = 𝑺 / m


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛 t ⊤ ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) ) [  𝒛 t  𝒛  t − 1 ⊤ ]


  k


  𝔼  [   𝒛 t |  𝒙  0 : T ] =    𝒛 ^  t | T


  𝔼  [   𝒛 t  𝒛 t ⊤ |  𝒙  0 : T ] =    𝚺 ^  t | T +    𝒛 ^  t | T    𝒛 ^  t | T ⊤


  𝔼  [   𝒛 t  𝒛  t − 1 ⊤ |  𝒙  0 : T ] =  𝑳  t − 1    𝚺 ^  t | T +    𝒛 ^  t | T    𝒛 ^  t − 1 | T ⊤


     𝒛 ^  0 | 0


     𝒛 ^  1 | 0


     𝒛 ^  1 | 1


     𝒛 ^  2 | 1


     𝒛 ^  2 | 2


     𝒛 ^  3 | 2


     𝒛 ^  3 | 3


     𝒛 ^  0 | 1


     𝒛 ^  0 | 2


     𝒛 ^  0 | 3


     𝒛 ^  1 | 2


     𝒛 ^  1 | 3


     𝒛 ^  2 | 3


     𝒛 ^  3 | 0


     𝒛 ^  3 | 1


     𝒛 ^  2 | 0


   𝜃 k


   𝒙  0 : T   ( n )


   𝔼 k  ( n )  [   𝒛 t ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t |  𝒙  0 : T   ( n ) ]


   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t  𝒛 t ⊤ |  𝒙  0 : T   ( n ) ]


   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] ≔  𝔼  z ∼  q k  (  z |  x   ( n ) )  [   𝒛 t  𝒛  t − 1 ⊤ |  𝒙  0 : T   ( n ) ]


  n ,   k


   𝝅 0  k + 1 =    ∑  n = 1 N   𝔼 k  ( n )  [   𝒛 0 ] N


   𝚺 0  k + 1 =    ∑  n = 1 N   𝔼 k  ( n )  [   𝒛 0  𝒛 0 ⊤ ] N −  𝝅 0  k + 1    (   𝝅 0  k + 1 ) ⊤


   𝑪  k + 1 =  (   ∑  n = 1 N   ∑  t = 0 T   𝒙 t   ( n )    𝔼 k  ( n )  [   𝒛 t ] ⊤ )    (   ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] )  − 1


   𝑹  k + 1 =    ∑  n = 1 N   ∑  t = 0 T   𝒙 t   ( n )    (   𝒙 t   ( n ) ) ⊤ −  𝑪  k + 1  ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t ]    (   𝒙 t   ( n ) ) ⊤  N ( T + 1 )


   𝑨  k + 1 =  (   ∑  n = 1 N   ∑  t = 1 T   𝔼 k  ( n )  [   𝒛 t  𝒛  t − 1 ⊤ ] )    (   ∑  n = 1 N   ∑  t = 1 T   𝔼 k  ( n )  [   𝒛  t − 1  𝒛  t − 1 ⊤ ] )  − 1


   𝑸  k + 1 =    ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛 t  𝒛 t ⊤ ] −  𝑨  k + 1  ∑  n = 1 N   ∑  t = 0 T   𝔼 k  ( n )  [   𝒛  t − 1  𝒛 t ⊤ ]  N T


  𝜃 ≔ (  𝝅 0 ,  𝚺 0 , 𝑨 , 𝑸 , 𝑪 , 𝑹 )


  p  (   Z 0 ) = 𝒩 (  𝝅 0 ,  𝚺 0 )


  p  (   Z t |   𝒛  t − 1 ) = 𝒩  (  𝑨  𝒛  t − 1 , 𝑸 )


  p  (   X t |   𝒛 t ) = 𝒩 ( 𝑪  𝒛 t , 𝑹 )


     𝒛 ^  s | t ≔ 𝔼  [   𝒛 s |   𝒙 0 , … ,  𝒙 t ]


     𝚺 ^  s | t ≔ Cov  (   𝒛 s |  𝒙 0 , … ,  𝒙 t )


   𝑳  t − 1 ≔    𝚺 ^  t − 1 | t − 1  𝑨 ⊤    𝚺 ^  t | t − 1  − 1

